DYNAMICS OF SIEGEL RATIONAL MAPS WITH 
PRESCRIBED COMBINATORICS 
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Abstract. We extend Thurston's combinatorial criterion for postcriti- 
cally finite rational maps to a class of rational maps with bounded type 
Siegel disks. The combinatorial characterization of this class of Siegel 
rational maps plays a special role in the study of general Siegel rational 
maps. As one of the applications, we prove that for any quadratic ra- 
tional map with a bounded type Siegel disk, the boundary of the Siegel 
disk is a quasi-circle which passes through one or both of the critical 
points. 

1. Introduction 

Let f : he an orientation-preserving branched covering map. We 

call 

nf = {x\ deg^/ > 1} 



the critical set of /, and 



U 

l<fc<oo 

the postcritical set. A branched covering map of the topological two sphere 
is called postcritically finite if its postcritical set is a finite set. Let /, g : 
—> be two orientation-preserving branched covering maps. We say 
/ and g are combinatorially equivalent if there exist two homeomorphisms 
0, (j)' : {S^, Pf) — > {S^, Pg), such that the diagram 

{S',Pf) {S\Pg) 



4 1^ 



{S\Pf) (S^Pg) 
commutes, and (f> is isotopic to (f)' rel Pf. Thurston proved that an orientation- 
preserving and postcritically finite branched covering map with hyperbolic 
orbifold is combinatorially equivalent to a rational map if and only if it has no 
Thurston obstructions ^26j . A detailed proof of this theorem was presented in 
Douady and Hubbard's paper [S]. Since then, it has been a tantalizing problem 
to see to what extent such a combinatorial characterization is possible beyond 
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the postcritically finite setting. Some progress has been made towards this di- 
rection. For instance, McMuUen proved that for any rational map, there exist 
no Thurston obstructions outside all the possible rotation doniains(Siegel disks 
or Herman rings) [16j. On the other hand, it was illustrated by Cui, Jiang, 
and Sullivan that there are geometrically finite branched covering maps which 
have no Thurston obstructions, but are not combinatorially equivalent to ra- 
tional maps |5j . Here we say a branched covering map is geometrically finite 
if its postcritical set is an infinite set but has finitely many accumulation 
points. The example implies that, to make a postcritically infinite branched 
covering map combinatorially equivalent to a rational map, besides the non- 
existence of Thurston obstructions, some additional conditions have to be 
imposed on its local combinatorial structure around the accumulation points 
of the postcritical set. For a geometrically finite branched covering map, such 
a local condition was found by Cui, Jiang, and Sullivan, which they called 
locally linearizable. According to [5], a geometrically finite branched cover- 
ing map is called locally linearizable if it can be combinatorially equivalent to 
some "normalized" one such that the later map is either holomorphically at- 
tracting or super-attracting in a neighborhood of each accumulation point of 
the postcritical set. They proved that a geometrically finite branched cover- 
ing map is combinatorially equivalent to a sub-hyperbolic rational map if and 
only if it is locally linearizable and has no Thurston obstructions. Cui also 
studied under what condition, a geometrically finite branched covering map 
is combinatorially equivalent to a rational map with parabolic cycles. The 
situation in this case becomes more subtle where a new type of obstructions, 
called invariant connecting arcs, have to be considered as well as Thurston 
obstructions. We refer the reader to [3J for the details. 

The main purpose of this work is to extend Thurston's combinatorial cri- 
terion for postcritically finite rational maps to a class of Siegel rational maps, 
and then applies it to quadratic rational maps with bounded type Siegel disks. 
Here we call an irrational number < < 1 of bounded type if supjoi} < oo 
where [ai , • • • , a„ , • • • ] is its continued fraction. We shall assume throughout 
this paper that < < 1 is an irrational number of bounded type. 

Definition 1.1. We use Rg'^°"^ to denote the class of all the rational maps g 
such that 

1. g has a Siegel disk Dg with rotation number 6, and 

2. dDg is a quasi- circle, and 

3. Pg — Dg is a finite set. 

Remark 1.1. Assume that f has a bounded type Siegel disk D such that 
D <Z U where U is a domain on which f is holomorphic. Then dD must 
contain at least one critical point of f [TT]. It follows that for any g £ Rg^°™' , 

dDg nng^$. 

Definition 1.2. We use Rg°^ to denote the class of all the orientation- 
preserving branched covering maps f : ^ such that 
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1. /|A : z — > e^'^'^z is a rigid rotation where A = {z\ \z\ < 1} is the unit 
disk , and 

2. 9An% ^ , and 

3. Pf — A is a finite set. 

We call the unit disk A the rotation disk of f. 

For a branched covering map / G we say / is realized by a Siegel 

rational map g G if / and g are combinatorially equivalent to each 

other, and furthermore, when restricted to the Siegel disk, the combinatorial 
equivalence is a holomorphic conjugation. More precisely. 

Definition 1.3. Let f G and g G Rg'^°"^ . Let A be the unit disk, and 

Dg he the Siegel disk of g. We say f is realized by g if 

1. / = (j)'^^ o .9 o (1)2, and 

2. 01 is isotopic to (f>2 relative to Pf, and 

3. 4>i\a — 4'2\a '■ A ^ Dg is holomorphic. 

We now present a quick summary of our results. The first theorem extends 
Thurston's combinatorial criterion for postcritically finite rational maps to the 
class Rg^°™' . The proof is given in Section 2. 

Theorem A. Let < 9 < I be an irrational number of bounded type. Then 
a branched covering map f G can be realized by a Siegel rational map 

g G if and only if f has no Thurston obstructions on the outside of the 

rotation disk. 

The necessary part is a direct consequence of a theorem of McMuUen. 
For a proof, see Appendix B of [16 . We need only to prove the sufhcient 
part. The idea of the proof is as follows. First we construct a symmetric 
branched covering map F such that when restricted on the outside of the 
unit disk, F has the same combinatorial structure as that of /. Based on 
the branched covering map F, we construct a sequence of symmetric and 
postcritically finite branched covering maps {Fn} such that Fn F uniformly, 
and \Pf„ — dA\ = \Pp — c^Aj (Proposition [2T]). Then we show that for n large 
enough, Fn has no Thurston obstructions, and hence by Thurston's theorem, 
it is combinatorially equivalent to some rational map Gn (Lemma 12. 4p . Since 
Fn is symmetric about the unit circle, it follows that G„ is a Blaschke product. 
We then prove that the sequence {Gn} is contained in some compact set of 
7?.2d-i, the space of all the rational maps of degree 2c? — l(Lemma l2.16p . By 
passing to a convergent subsequence, we may assume that Gn — > G where 
G is a Blaschke product of degree 2d — 1. Then we show that F and G are 
combinatorially equivalent to each other(§2.4). The proof of Theorem A is 
then completed by a standard quasiconformal surgery on G(§2.5). 

The second theorem shows that the Julia set of any / G Rg'^°™ has zero 
Lebesgue measure. In particular, it implies the combinatorial rigidity of the 
maps in /Jg"^"™. The proof is given in Section 3. 



4 



GAOFEI ZHANG 



Theorem B. Let f G R^'^""^ . Then the Julia set of f has zero Lehesgue 
measure. In particular, if f £ R^"^ has no Thurston obstructions outside the 
rotation disk A, then up to a Mobius conjugation, there is a unique Siegel 
rational map g S Rg'^°"^ to realize f. 

The main part of the proof is to show that the Juha set of any Siegel rational 
map in Rg'^°"^ has zero Lebesgue measure. The assertion of the rigidity then 
follows easily. For a quadratic polynomial with a bounded type Siegel disk, 
the zero measure statement was already proved by Petersen |19| . Petersen's 
proof is based on a delicate geometric object, the so called Petersen's puzzle. 
Since for a map in Rg"^""^ , the boundary of the Siegel disk may contain several 
critical points, each of which may have a different degree, there seems no easy 
way to construct the puzzles which is suitable for all the cases. To avoid this 
difficulty, we will introduce a new method, the minimal neighborhood method, 
which allows us to treat all these cases in a uniform way. One advantage of 
this method is that it may also be applied in the study of the Julia sets of 
entire functions with bounded type Siegel disks where Petersen puzzles are 
not available 32 . 

Let us briefly sketch the proof of the zero measure statement of Theorem 
B. Let g e We first show that there is a Blaschke product G which 

models g. That is to say, the dynamics of g on the outside of the Siegel disk 
is quasiconformally conjugate to the dynamics of G on the outside of the unit 
disk. Therefore it suffices to show that the set 

oc 
k=0 

has zero Lebesgue measure. Assume that it is not true. It follows that there 
is a Lebesgue point of Jg — Ufe°=o G^''{dA), say zq, such that G''{zo) dA 
as fc — > oofLemma 13.21) . Now we define a sequence {m{k)}k=i such that for 
each m{k), the point Zm(k) is the nearest one to dA among all the points 
zo,zi, • • • ,Zfn{k)- Here by nearest we mean that Zjn(k) is contained in some 
minimal neighborhood which is attached to the unit circle(see Definition 13.11) . 
The importance of the sequence {m{n)} is that for each m{n), there is a 
number T(n) < m{n), such that the inverse branch of G which maps Zr(ri)+i 
to 2:T(n) strictly contracts the hyperbolic metric in some hyperbolic Riemann 
surface, and moreover, T(n) — s- oo as n — s- oo f Lemma 13. 12p . This allows us to 
construct a sequence of nested neighborhoods of zq such that the pre-images 
of A count a definite part in each of these neighborhoods(§3.5). It follows that 
Zq is not a Lebesgue point of Jg — IJ^q G~^{dA). But this is a contradiction 
with our assumption. 

As an application of Theorem A and Theorem B, in §4, we prove 

Theorem C. For any bounded type irrational number 6, there is a constant 
1 < A' < oo dependent only on 6, such that for any quadratic rational map 
with a Siegel disk of rotation number 9, the boundary of the Siegel disk is a 
K~ quasi- circle which passes through one or both of the critical points of f . 
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It was conjectured by Douady and Sullivan that the boundary of a Siegel 
disk for a rational map is a Jordan curve. The conjecture is still open and is 
far from being solved. For Siegel disks of polynomial maps, however, there has 
been some progress towards this conjecture 6 , [24 and 1^3^. We especially 
refer the readers to |3T[ for a survey of all the relative results in this aspect. 

Let us sketch the proof of Theorem C as follows. In §4.1, we consider a 
quadratic rational map g with a Siegel disk of rotation number 9. By a Mobius 
conjugation, we may normalize g such that the Siegel disk is centered at the 
origin, and ^'(l) — 0, g{oo) — oo. Let S denote the space of all such maps. 
Each map in S has exactly two critical points 1 and some c ^ 1. We denote 
such map by gc- It follows that the maps in S are parameterized by their 
critical points which are distinct from 1. Under this parameterization, the 
space E is homeomorphic toC — {0,1,— 1}. 

In §4.2, we consider a family of degree-2 topological branched covering 
maps ft e i?g°^,0 < i < 27r such that both the critical points of ft are 
on the unit circle and span an angle t (see Figure 15). Clearly such ft has 
no Thurston obstructions outside the rotation disk. It follows that for each 
< t < 2tt, there is a unique c{t) G C — {0, 1, —1}, such that ^^(t) realizes 
/t(in the sense of Lemma 14. 2 1) . Similarly, we consider the family of topological 
branched covering maps ft € i?g°^(see Figure 16), and for each < t < 27r, 
we get a unique c{t) G C — {0, 1, —1} such that gc(t} realizes /t(in the sense of 
Lemma 14. 2p . 

In §4.3, we prove that there is a uniform 1 < K < oo, which is independent 
of t, such that the boundary of the Siegel disk for any map (7c(t) is a — quasi- 
circle(Lemma H75)) . 

In §4.4, we prove that 7 ~ {c{t) | < t < 2n} is a continuous curve segment 
which connects 1 and —1. By the same way, we get that 7 = {c{t) \0 < t < 27r} 
is also a continuous segment which connects 1 and —1. We then show that 
^ = 7U7U{1,— l}isa simple closed curve, which separates and the infinity, 
and moreover, ^ is invariant under c — > 1 / c(Lemma 14 . 7|) . 

Let rtoo be the unbounded component of C — ^. In §4.5, §4.6, and §4.7, we 
show that for any four distinct integers 0<k<l<m<n, the cross-ratios of 
(7^(1), (7' (1), (7™ (1), and (7"(1) are holomorphic functions on fioo and have no 
zeros. Moreover, each cross-ratio function can be continuously extended to 
dfloc = This implies that the modulus of each cross-ratio function obtains 
its maximum and minimum on the boundary f (Proposition [4T]l . This is the 
key idea of the proof. 

In §4.8, for each c G r^oo, we define a map : {e'^''^''^ | A: > 0} C 
by r(e2'=^»^) — .gc(l)- We show that Tc can be continuously extended to a 
homeomorphism Tc : dA {g^}k>o{^)- It follows that jc = {ffc}fe>o(l) is a 
Jordan curvefLemma . We then show that for every four ordered points 
2:1, 2:2, 2:3, 2:4 on 7c, 

I jzi - 23) (Z2 - Zj) I ^ ^ 

(22 - Z3){zi - 24) ' ~ 
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for some S > 0. This, together with Lemma 9.8[23](see also Lemmg [4.27p . 
implies that 7c is actually a quasi-circle. The same cross ratio argument also 
implies that 7c moves continuously as c varies on (Lemma 14. 2(3)) . It follows 
that 7c is the boundary of the Siegel disk of gc which is centered at the origin. 
This proves Theorem C. 

For reader's convenience, in §5, we give a brief introduction of Thurston's 
characterization theory on postcritically finite rational maps. The version we 
present here is slightly different from the one in [9 : the postcritical set Pj 
is replaced by a /—invariant set which contains Pf as its subset. We also 
present several results on short simple closed geodesies on hyperbolic Riemann 
surfaces, which will be used in several places in this paper. We numbered them 
by Theorem A.l, Theorem A. 2, Theorem A. 3, and Theorem A. 4. The reader 
may refer to [9] for the details of the proofs. 

This work is based on my Ph.D. thesis at CUNY 33J. I would like to 
express my gratitude to my advisor. Prof. Yunping Jiang for suggesting this 
problem, and also for his constant encouragement. Further thanks are due to 
Prof. Linda Keen and Prof. Frederick Gardiner for many useful conversations 
during the writing of the paper. 

2. Realize a Siegel Disk with Prescribed Combinatorics 
2.1. Constructing Symmetric Branched Covering Maps. 

2.1.1. Notations. Let S"^ denote the topological two sphere. Let A and T 
denote the unit disk and unit circle, respectively. For a set P C S^, let 
\P\ denote the cardinality of the set P. Let denote the Riemann sphere 
with the standard complex structure. Given a point w G IP^, let w* denote 
the symmetric image of w about the unit circle, i.e., w* = 1/w. For a set 
W CV^, let W* ^ {w* \ w e W}. For x e S^, and 6 > 0, let Bs{x) denote the 
open disk with center at x and radius S with respect to the spherical metric. 
For x,y € 5^, we use ds^{x,y) to denote the spherical distance between x 
and y. For two maps f,g : ^ S"^, the distance between / and g is defined 
to be d{f,g) = sup^^g2 ds^ifix), g{x)). For two subsets A,B c 5*^, define 
ds2{A,B) ^ MxeA.yeB ds^ix^y). 

2.1.2. The Choice of the Infinity. Suppose / G Rg°^ has no Thurston obstruc- 
tions outside the rotation disk A. Let d > 2 be the degree of /. By a standard 
topological argument, it follows that / has at least one fixed point in the out- 
side of the unit disk. There are two cases. In the first case, Pf contains a fixed 
point of /. In this case, up to a combinatorial equivalence, we may assume 
that oo e P/ and /(oo) — oo. In the second case, Pf does not contain any 
fixed point of /. In this case, up to a combinatorial equivalence, we assume 
that the infinity is one of the fixed points of /. 

2.1.3. Construction of F. Since flfOdA ^ 0, we may also assume that 1 ^ ilf. 
It follows that there is a curve segment, say 7/, which is attached to 1 from 
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Figure 1 . A critical orbit of F which faUs into A 

the outside of the unit disk, such that /(7/) C dA. Let 

X = {zeQf -A \ f{z) e A - {0} for some i > 0}. 

For each z X, let > be the smallest integer such that P'{z) G A. 
Let X = {/'^(z) I z S X} and cr : 5^ ^ S*^ be a homeomorphism such 
that cr|(5^ ^ ^) = id and (t{X) C 7j. Note that by our notation, 7^ is 

the symmetric image of 7/ about the unit circle. Let / = <7 o f. Define a 
symmetric branched covering map of the sphere by 



(1) F{z) 




if |z| >1, 
for otherwise. 



From the construction of F, it follows that Pp — dA is a finite set, and 
moreover, for z G X, F^'{z) e 7J:, and hence ^'''+^(2:) e OA (see Figxu-e 1). 

2.1.4. Construction of F^. Let 0„ =Pnlln be a sequence of rational numbers 
such that ^„ — > ^ as n goes to 00. Let 0„ = {e^'^*'^^" 1 < fc < qn}. Let A{a, b) 
be the anmilus with outer radius a and inner radius b. Since Pp — dA is a 
finite set, there are < r < 1 < i? such that {A{R, r) - dA) n (Qf U Pp) = 0. 
Set 

Y = {z&{Q.FV^ Pf) - dA I F{z) e dA}, 

and 

z = (Sip n 9A) u 

Clearly, Z is a finite set. It follows that for every n large enough, there is a 
homeomorphism f7„ : dA dA such that 

2. a-\Z) C On, 
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3. CT„ preserves the orbit relations among the points in the set Z in the 
following sense: If there is an m > and x,y G Z such that F™(a;) = y 
then e2"™«''a-i(x)=a-i(y), 

4. an id uniformly as n ^ oo. 

We then extend ij„ to be a homeomorphism of the sphere to itself, which is 
still denoted by cr„, such that 

1. an = id outside A{R,r), 

2. an{z)* = aniz*), 

3. as n — > DO, 0-„ — » id uniformly with respect to the spherical metric. 
Now for every n large enough, let us define a homeomorphism /i„ : dA — > dA 

by 

We then extend /i„ to be a homeomorphism of the sphere to itself, which is 
still denoted by hn, such that 

1. hn = id outside A{R,r), 

2. hniz)* = hniz*), 

3. as n — > oo, hn{z) id uniformly with respect to the spherical metric. 
Let Fn = hn o F o an- It follows that 

1. {Fn\dA){z) = e'^"^-z, 

2. PF-dA = Ps -dA, 

3. QF-dA = ns -dA. 

For each ^ G F, take a small closed topological disk containing ^ in its 
interior such that 

1. all U^, ^ £ Y are disjoint with each other, and fl OA = 0, 

2. Fn{U^)cA{R,r), 

4. Fn(U^) is a closed topological disk and Fn(dU^) = dFn{U^)- 

For each ^ let us define a homeomorphism gn,^ : F„(J7{) Fn{U^) such 
that 

1- =^id on dFniU^), 

2. 5n,c(i^n(e))-'T-l(F(0), 

3- 6'n,4(2)* = 5„,{.(2;*), 

4. as n — > oo, 5f„,j — > id uniformly with respect to the spherical metric. 
Now let us define 



(2) Fn{z) 



gn.ii ° Fn{z) for Z G U^gK J/^, 
Fn{z) for otherwise. 



Let Zn = (ri_F„ n 9 A) U Fniy). It follows from the construction that 
\Zn\ = \Z\ for all n large enough. Moreover, for each x e Z, there is an 
Xn € Zn, such that a;„ — > a; as n — > oo. It follows that for all n large enough, 
the map a; — > a;„ is a one-to-one correspondence between Z and Zn- By the 
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construction of F„, the reader shall easily supply a proof of the following 
proposition: 

Proposition 2.1. The sequence {-F„} satisfy the following properties, 

1. Fn ^ F uniformly with respect to the spherical metric, 

2. Fn is an orientation-preserving and postcritically finite branched cov- 
ering map such that Fn{z)* = Fn{z*), 

3. |Pf„ — A| = |Pf — A| for every n large enough, 

4. {Fn\dA){z) ^ e^'^'^-z, 

5. Pp^ndA = On- 

6. For every n large enough, Fn preserves the orbit relations among the 
points in the set Z in the following sense: if for x,y G Z and some 
integer m > 0, F"^{x) = y, then for the correspondent points Xn and 

7. For every n large enough, there is a curve segment 7„ attached to 
1 from the outside of the unit disk such that Fnijn) C dA, and 
moreover, if for some z G (f^F„ U Ppn) — A, Fn{z) G A — {0}, then 

Fn{z) G 7^ 

Remark 2.1. Note that the combinatorial structure of f in the inside of the 
rotation disk is not reflected by P. We will use an additional argument to take 
care of this m §2.5. 

2.2. No Thurston Obstructions of F„ for Large n. Let P'p and P'p 

denote the set Pp^ U {0, oo} and the set Pp U {0, oo}, respectively. For a finite 
subset P (Z with |P| > 4, we say a simple closed curve 7 C 5^ — P is 
non-peripheral if each component of 5^ — 7 contains at least two points of 
P. Let (/) : S'^ — > P""^ be a homeomorphism. For each non-peripheral curve 
J C — P, there is a unique simple closed geodesic ry C — (p{P) in the 
homotopy class of (t>{'y)- We use ||7||0,p to denote the hyperbolic length of rj. 
We say 7 is a {(f), P) — geodesic if r/ = ^(7). 

2.2.1. Thurston's pull back. Now let n > 1 be fixed. Let = Id. For 
m = 1, 2, • • • , let Tm be the complex structures on S"^ which is obtained by 
pulling back the standard complex structure tq by F™. Associated to each 
Tm is a quasiconformal homeomorphism (}>rn : S"^ ^ W'^ which fixes 0, 1 and 
00. Let Gm = i'm ° Fn° fl^m+i' following diagram 

{S^Pj^J {F\cf>m+l{Pk)) 




{S\P'pJ {V\cj>m{P'pJ) 

commutes and Gm is a rational map of the Riemann sphere P^ . 

Since _F„(z*) = i^„(z)*. by induction we have 4>m{z*) = <f)m{z)* and hence 
Gm{z*) = Gm{z)* for all m = 0, 1, • • • . Therefore, Gm is a Blaschke product 
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on P^. By the assumption that /(oo) — oo, it follows that F{oo) — oo, and 
therefore, Gm.{oo) — oo. We write 



Gm{z) = \raZ TT _ TT — 

. 1 - Vl. ^Z J- 1 



where d > 2 is the degree of /, and Ph,ra G C — A, (/t^m eA,l<fc<(i — 1, 
and A„, = e^'^*"'" for some real constant < a,n < 1. 



2.2.2. Analysis of short simple closed geodesies. Let 7 be a short simple closed 
{(f>m,Pp^) — geodesic. If 7 intersects the unit circle, we use D{'-f) to denote 
the component of S'^ — 7 which does not contain the origin. Otherwise, we 
use .0(7) to denote the component of S'^ — 7 which does not contain the unit 
circle. 

Lemma 2.1. Let j be a simple closed {4im,P'p^) — geodesic which intersects 
the unit circle such that ||7||0„,p^ < log{\/2+l). Then 7 is symmetric about 
the unit circle. In particular, 7 n dA contains exactly two points. 

Proof. Let 7* be the symmetric image of 7 about the unit circle. Clearly, 7* 
is also a simple closed (0m, ^f„) ~ geodesic and ||7*||0„,p^ = ||7lU„,p^ < 
log{V2 + 1). Since 7 n 7* 7^ 0, by Theorem A.l, we get that 7 = 7*. 

□ 

Lemma 2.2. For every n large enough, there is a S > independent of m 
such that for every simple closed {(f>rm P'p ) ~ geodesic 7 which intersects the 
unit circle, we have ||7||0,„.pj, > 5. 

The idea behind the proof is as follows. Let 7 be a simple closed geodesic 
which intersects the unit circle. If 7 is short enough, its images under the 
forward iterations of F„ generate a set of short simple closed geodesies which 
intersect the unit circle. The number of the short simple closed geodesies 
in this set can be very large if 7 is short enough. But on the other hand, 
there can not be too many such short simple closed geodesies, for otherwise, 
there would be two of them which intersect with each other, and this is a 
contradiction with Theorem A.l. 

Proof. We prove it by contradiction. We claim that for every n large enough, 
there exist 5' > and 1 < C < 00 independent of to, such that if 7 C —P'p 
is a simple closed (4>m, Pf„) ~ geodesic with ||7||0„,p^ < S' , there is a simple 
closed {4>m,PF^) — geodesic ^ which is symmetric about the unit circle such 
that ll'^ll^^^p^ < C5' and D{S) n 9 A n P'p contains at least two points. Let 
us prove the claim. Suppose it is not true. Then -D(7) n 9A n P'p contains 
at most one point. Now take 5' > i) small, so that the simple closed geodesies 
generated in the following are all short enough. Let N — \Pp — A|, and hence 
\P'p^ -dA\= N by (3) of Proposition O For each A: = 1, 2, • • • , iV + 2, Let 



SIEGEL RATIONAL MAPS WITH PRESCRIBED COMBINATORICS 11 



rik C 5^ — F„ ''{P'p^) be the shortest simple closed (0m, F„ ''{Pp^)) — geodesic 
which is homotopic to 7 in S"^ — Pp . By Theorem A. 3, we have 

(3) \\'T'h,„,F-''{p'^j < c'lhlU^.p^^ 

where 1 < Ci < cxd depends only on k and l^^?^!- From Theorem A. 2, we 
conclude that F^{r]k) covers a simple closed {(j)m-k, Pp^) — geodesic Hence 

(4) U'kh^-.,p^^ < lkfelU„,F-^-(Pk) 

Let ^fe C 5^ — Pp^^ be the simple closed {(j^rmPp^) — geodesic which is 
homotopic to in 5^ — Pp . By Theorem A. 4 and the fact Thurston's pull 
back does not increase the Teichmiiller distance (see Proposition 3.3, f^), it 
follows that there is a constant 1 < C2 < 00 independent of m, such that 

Now by taking 6' small, we conclude that ^1, • • • , £,n+2 are all short simple 
closed {4>rn,Pp ) — geodesies which intersect the unit circle. By Lemma [2 .11 
they are all symmetric about the unit circle. Now let us show that the domains 
D(^i),--- ,D(^Ar+2) are disjoint with each other. Suppose this is not true. 
Then by Theorem A.l, we have ^(^j) C D{^i) for some 1 < i 7^ j < + 2. 
We may assume that |-D(Ci) H 9 A n PpJ\ < 1, for otherwise the claim is 
proved. It then follows that intersects either exactly one of the connected 
components of 9A — Pp or two of them which are adjacent to each other. 
Let / be a component of 9 A — Pp which intersects both and ^j. Let 
Z = |j — i| < A + 1. Then / is either periodic under F^^ or is mapped by 
to one of its adjacent component of (9A — Pp^. Since (F„|9A)(2;) = e^'^'^"^ 
and 0„ — > 6* as n ^ 00, both of the two cases are impossible when n is large 
enough. 

If none of D{£^i), 1 < « < A^ + 2 contains at least two points in Pp — dA, 
we have for every 1 < i < Af + 2, \D{^,) D {P'p^ - dA)\ > 2 and hence 
\Pp^ - dA\ >2N + 2. This is a contradiction with that \Pp - A| = A^. This 
proves the claim. 

Now we may assume that £'(7) H OA Pp contains at least two points. 
There are two cases. In the first case, {OA n Pp ) — D{'y) = 0. It follows that 
7 intersects exactly one of the connected components of OA — Pp . When n is 
large enough, by the same argument as before, we get A^+2 short simple closed 
{(j)rm Pp ) — geodesies ^1, • ■ ■ , (,n+2- It follows from (5) of Proposition [2Tl that 
every also intersects exactly one of the connected components of dA — P'p^ , 
for l<i<A^ + 2. It follows that each I?(^i) either contains all the points in 
dA n Pp , or contains none of them. We claim that there are , such that 
D{(,i) C D{^j) for some l<i^j<N + 2. In fact, if this is not true, by 
Theorem A.l, the domains D{^i), • • • , D{£^n^2) are disjoint with each other. 
It follows that there are at least A + 1 domains of il'(^i), 1 < i < N + 2 
which contain none of the points in dA D Pp . Therefore, each of these 
domains must contain at least two points in Pp^ — 9A, and this implies that 
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IP],^ - aA| > 2(iV+ 1), which is a contradiction with that |P;, - A| = A^. The 
claim follows. Now assume that D{(^i) C D{£,j) for some l<i^j<N + 2. 
We claim that each component of dA~Pp intersects at most one of the curves 
in ^1, • • • , £,N+2- In fact, if some component, say /, of 9 A — Pp interests both 

and for some l<l<m<N + 2, then / is periodic under P™~', which 
is impossible when n is large enough. It follows that D(^j) must contain 
all the other _D(^fc),l < k < N + 2,k ^ j, and hence the + 1 domains 
-D(^fc): 1 < fc < + 2, fc 7^ j', must be disjoint with each other, and moreover, 
each of them contains none of the points in 9AnP^ . By counting the number 
of the points in Pp — dA, we get a contradiction again. 

In the second case, {dA n Ppn) - D{-/) ^ 0. Let / = 9A n £'(7). Since 
On — Pp^ n 9 A is a periodic cycle of F„ with period g„, it follows that 
there is an integer < A: < g„ such that (1) F^{I) n I (1 Pp^ 7^ 0, (2) 
(/-F^-(^))nP;„ and (3) {F^iI)-I)nP'p^^ + 0. Let ^k C S'' -F-^{P'p^) be 
a simple closed (0m, Fn'^ {Pf^))~ geodesic which is homotopic to 7 in S^—P'p^. 
By Theorem A. 2, F^{rik) covers a short simple closed {(j)jn-k, Pp^) — geodesic 
^'f.. By theorem A. 4, there is a short simple closed (t/'mj Ppn) — geodesic C 
S'^-P'p^ which is homotopic to in S^-P'p^ . It follows that D{-f)nD{(k) + 
and neither of them is contained in the other one. This implies that ^C\(^k 7^ 0. 
This is a contradiction with Theorem A.l. 

□ 

Lemma 2.3. Let j be a simple closed {4>rm Pp ) — geodesic which is contained 
in the inside of the unit disk. If ||7||0,„,p^ is small enough, then each non- 
peripheral component of F^^{'^) is totally contained in the inside of the unit 
disk also. 

Proof. Suppose ||7||0^,p^ is small enough. Let be a non-peripheral com- 
ponent of F~^(7). Clearly, 77 is a short simple closed P~^(Pp^)) — 
geodesic. Since P„ : i9A dA is a homeomorphism, it follows that 77 does 
not intersect the unit circle. Suppose 77 is in the outside of the unit disk. Take 
a point, say x G D{j). Let us contract 7 continuously to x. There are two 
cases. In the first case, -0(7) does not contain any critical value v — P„(c) for 
some c G D{t]) n ^f„- Then we can lift the contraction by P„. It follows that 
D{r]) will contract to some point in D{rj). Let z S D{r]) n Pp . In this case, 
Fn{z) e -0(7). By (7) of proposition 12.11 it follows that P„(z) S 7*, where 7„ 
is a curve segment which is attached to the point 1 and lies in the outside of 
the unit disk such that P„(7„) C dA. Now let ^ be one of the shortest simple 
closed {(f)m,F~^[Pp )) — geodesies which are homotopic to 7 in — Pp . It 
follows that ^ n (a A U 7*) 7^ 0. This implies that P„(^) n ^A 0. But on 
the other hand, H^H^^ f,t^{p^ ) S°*^^ to as ||7|j0„,p^ goes to by Theorem 
A. 3, and so does ||Pn(OIUm-i,Pp ■ This is a contradiction with Lemma [2T2l 

In the second case, the contraction of D{'^) can not be lifted to a contraction 
of D{r]). This implies that there is a point w E VIf„ D{v) C riF„ — A such 
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that Fn{w) e D{j)- As before, this imphes that Fn[w) £ 7*. By using the 
same argument as above, we get a contradiction again. 

□ 

Lemma 2.4. Fn has no Thurston obstructions in S'^ — P'p for every n large 
enough. 

Proof. First let us prove that Fn has no Thurston obstructions in S'^ — Pp^ ■ 
Suppose r is a — stable family which consists of all the short simple closed 
geodesies. By Lemma[221 if 7 G F, then 7 is disjoint from the unit circle. Since 
Fn is symmetric, therefore, the symmetric image of 7 about the unit circle, 7*, 
must also belong to F. We order the curves in F as {71, • • • , 7;, 75*, • • • ,7;*}, 
where 7^ C A, and 7* is the symmetric image of 7^ about the unit circle, 
1 < i < I. Now let A be the associated Thurston linear transformation 
matrix of F(see [9] or §5 for the definition). By Lemma ??, any non-peripheral 
component of F'^i'^i) must be homotopic to one of the curves in 7^, I < i < I, 
and by the same reason, any non-peripheral component of ^"^^(71*) must be 
homotopic to one of the curves in 7*, 1 < i < /. It follows that {71, • • • ,7;} is 
a / — stable family. Let B be its associated Thurston linear transformation 
matrix. Then we have 

B, 



A 



Since / has no Thurston obstructions outside the unit disk, so < 1. 

Therefore, \\A\\ < 1. 

Now let us prove that F„ has no Thurston obstructions in — P'p . By 
the choice of the infinity. Let us assume that P'p 7^ Pf„ , for otherwise, the 
lemma has been proved. Let us suppose that Fn has Thurston obstructions 
in 5*^ — P'p^ . Since F„ has no Thurston obstructions in 5^ — Pf„ , it follows 
that any short simple closed {4>m,P'F^) — geodesies 7 C S*^ — P'p^ must be 
homotopic to a point in S^ — Pf„ ■ This implies that there are exactly two short 
simple closed geodesies in S'^ — P'p^, say 7 and 7*, such that 7 is contained in 
the outside of the unit disk, and D(^) contains exactly two distinct points in 
P'p , one is the infinity, and the other one, say a;, is a point in Pp^ . By the 
same argument as before, we can show that any non-peripheral component of 
Fn^i'y) is contained in the outside of the unit disk, and hence homotopic to 7 
in S'^ — P'p^ . Similarly, any non-peripheral component of i^^^ (7*) is contained 
in the inside of the unit disk, and hence homotopic to 7* in S^~Pp . It follows 
that the associated Thurston linear transformation matrix is a 2 x 2 diagonal 
matrix, and hence equal to the identity matrix. This implies that there is a 
simple closed curve 7' which is homotopic to 7 in S*^ — Pp and Fn : 7' — >■ 7 
is a homeomorphism. Now continuously contract 7 to x. Since D{'j) — {x} 
contains no critical values of F„, it follows that the contraction can be lifted 
to a contraction of 7', which then must contract to x too. This implies that 
Fn{x) — X. But this is a contradiction with our choice of the infinity. The 
proof of the lemma is completed. □ 
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2.3. The Compactness of {Gn} and Bounded Geometry of Pg„- 

2.3.1. The sequence of Blaschke products {Gn}- For n large enough, by Lemma 

2.4, Fn has no Thurston obstructions in — Pp - By Thurston's character- 
ization theorem on postcritically finite rational maps, it follows that there is 
a Blaschke product Gn which is combinatorially equivalent to Fn rel P'p (see 
[9j, or §5). That is to say, there is a pair of homeomorphisms (finji^n of the 
sphere which are isotopic to each other rel Pp , such that G„ = (pnoFnO 

In this section, we will show that the sequence {Gn} is contained in a compact 
set of the space of all the rational maps of degree 2d — 1, and moreover, the 
geometry of Pq,^ is uniformly bounded. 

2.3.2. Analysis of short simple closed geodesies in — (X£UP„). We would 
like to mention that all the proofs in this subsection does not rely on the 
condition that 9 is of bounded type. The only arithmetic condition of 9 we 
used is that it is an irrational number. 

Let L > 1 be an integer. Define 

(6) X2^{G''n{x)\xenG„,-L<k<L}ndA 
and 

(7) F„ = (Pg„ -5A)U{0,oo}. 

Let / C dA be an arc segment(it may be open, closed, or half open and 
half closed). Define 

I^AnPcJ' 

Since Pg„ H dA consists of a periodic orbit and since Gn\dA : dA — > dA is a 
homeomorphism, it follows that (T„ is G„— invariant, i.e., for any / C 9A, 

CTnil) = a„(G„(/)). 

Let x,y G dA be two distinct points. They separate dA into two arc segments 
I and J. Let / abd J denote the closure of I and J, respectively. Define 

da„{x,y) = min{(T„(T),(T„(J)}. 

It is clear that 

(8) d^^{x,z) < da^(x,y) + d„^[y,z). 

Lemma 2.5. For any k> \, there is an e > such that for any x € dA, the 
following inequality holds for all n large enough 

d„^{x,G'^{x))>e. 

Proof. Assume that n is large wnough. Then x and Gj^{x) separate dA into 
two arc intervals / and J. Since 0„ converges to 9, there is an m > 1 dependent 
only on 9 and k such that for all n large enough, 

m m 

5A c U G^^/) and ^A c |J Gjf (J). 

4=0 i=0 



SIEGEL RATIONAL MAPS WITH PRESCRIBED COMBINATORICS 15 



Since an is G„— invariant, it follows that 

min{cr„(/), CT„(J)} > l/(m + 1). 
This implies Lemma [^31 □ 

As before, let N = \Pp — A|. It follows that for every n large enough, 
(9) |P„|=2iV. 

Lemma 2.6. Let L > N + 2 and M > I be some integers. Then for any 1 < 
k < M, and every n large enough, X£ U F„ C Gn'^i^^+M ^ ^n)- Moreover, 
the map 

: Pi - G-^-(^£+Af U Pn) ^ - {Xl+M U Pn) 
is a holomorphic covering map. 

Proof. Let z e U P„ and 1 < k < AI. We have two cases. In the first 
case, z e X£. It follows from ([6]) that G^(z) S X£_^^^. In the second case, 
z £ Pn. Then from(7) of Proposition [TH there is some critical point c G 
and some integer < i < + 1 such that 

z = Glic). 

Since L > N + 2, it follows from ^ that Gj;(z) G X^+m- This proves the 
first assertion. 

The second assertion follows since L > N + 2, and therefore, for any c G 
r2G'„, the forward orbit segment 

{GUc) I 1 < * < M} 

is contained in A'£^^j U P„. □ 

For i > and n large enough, set 

r2 = max{cr„(/) | / is an interval component of 9A — X^}- 

Lemma 2.7. Let e > be an arbitrary number. Then there exist L' and N' 
such that r£ < e provided that L > L' and n > N' . 

Proof. Let us consider the combinatorial model Fn instead of Gn- That is, 
replace G„ by F„ in the definitions of X^, ^n, and r£. Let us still keep the 
same notations. 

For e > given, let K be the least integer such that K > 1/e. Since 
< < 1 is irrational, there is a < (5 < 1 which depends only on 6 such 
that for any closed arc segment / C 9 A with |/| < S, the K + 1 arc segments 
g27rifc0j^Q < ^ < are disjoint. For such 6, there is an integer L' which 
depends only on 5 and 9 such that for all L > L' , every component of 

E^dA- {e^'"'''^ I ^L<k<L} 

has Euclidean length less than 6/2. It follows that for every component / of 
S, the closure of the arc segments e^^^'^^L,0 < k < K, are disjoint. Since 
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6'„ — + 6* as n ^ oo, it follows that there is an iV' > such that for all n > N', 
and any component / of 

S„ = 9A - {e2"'=«" I ~L<k<L}, 

the closure of the K +1 arc segments e^'^*'"'^"/, < k < K , are disjoint. Since 
cr„ is invariant, we have 

CT„(/)=cr„(e "/) = ••• = cr„(e "/). 

From the disjointness, we have 

a„(/) + a„(e2"^"7) + • • • + a^ie^^''"'"!) < 1. 

It follows that cr„(/) < 1/K < e. The lemma then follows since / is an 
arbitrary component of S„ and {e^^*'^^" | — L < fc < L} is contained in X£. 

□ 

Recall that = — A|. As a consequence of Lemma [^31 and \T7[ we 
have 

Corollary 2.1. There exist integers Lq and Nq such that when L > Lq and 
n > Nq, the inequality 

d„S^,Gl{x))>irl 
holds for any x G 9A and every 1 < k < N + 1. 

For a simple closed geodesic ^ which intersects the unit circle, we use D{^) 
to denote the bounded component of S*^ — 7. 

Lemma 2.8. Let Lq be the number in Corollarv \2.1\ Let L > max{iV+2, Lq}. 
Then there is a S > and 1 < C < 00 such that for every n large enough and 
any simple closed geodesic 7 C P""" — (X£ U P„) with ||7||pi-(js:j>uP„) ^ ^ ^'^'^ 
7 n dA ^ 0, one of the following two cases must be true: 

1. \{dA - D(7)) n X'll > 2 and \D{"f) n X£| > 2, 

2. there is a short simple closed geodesic rj <z¥^ — (■^l+n+2 ^ ^n) with 

lhl|pi-(X£_^„^2UP„) < C'll7l|pi-(X£uP„) 
such that \{dA - D{r]j) n X2+n+2\ > 2 and \D{r]) n X2+n+2\ > 2- 
Proof. Let 7 C — (X£ U P„) be a short simple closed geodesic with 
7 n 9A 7^ and ||7l|pi-(X£uP„) < S 

for some S > 0. Assume that the first case does not hold, that is, either 
\{dA - D{"/)) n X2\ < 2 or |D(7) n X£| < 2. Let us prove the second case 
must hold. Let 7 n dA = {x, y}. It follows that 

(10) d,„(x,2/) <2r£. 

See Figure 2 for an illustration(Here \D{'-f) n Ar£| = 1). 
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Figure 2. X£ n D{-f) = {b} with a, b, c being three adjacent 
points in X£ 

Let us assume that 6 is so small that the simple closed geodesies generated 
in the following are all short enough. In Lemma [2T6l taking M = N + 2, then 
for any 1 < k < N + 2, we have 

Pi - G-' iX2+N+, U P„) C - (X£ U P„)- 

Since \G-''{X2+n+2 U Pn) - U P„)| depends only on L,N, and d, by 
Theorem A. 3, there is a constant C dependent only on L, N, and d, such that 
for each 1 < fc < + 2, there is a simple closed geodesic 

eI.cPi-G-'=(A£+^+2UF„) 

which is homotopic to 7 in P^ — (A£ U P„) such that 

ll'?fellpi-G-'"(X£^„^,uP„) ^ C'll7l|pi-(xj;uP„)- 

When 5 is small, by Lemma [2.61 and Theorem A. 2, G^i('^[.) covers a simple 
closed geodesic £,k m P^ — (A£^jY^2 U P,i), and hence 

Now it suffices to prove that there is some (^^,1 < k < N + 2, such that 
\idA-D{^,))nX2+^+2\>2 

and 

l^(6)nA£VAr+2l >2. 
Assume at least one of the above two inequalities were not true. We will get 
a contradiction as follows. 

We first claim that for every n large enough, each component of dA — 
-^L+N+2 intersects at most one of ^fc, 1 < fc < A^ + 2, and in particular, 

(11) ^.y^e, 

for l<i^j<N + 2. Suppose this is not true. Then there exist 1 < i < 
j < N + 2 and a component of dA — A£_^^_|_2, say /, such that H / 7^ and 
n / ^ 0. 
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Figure 3. D{^j) contains at two points in 

Recall that £,1 and cover and , respectively. Let x' G i^,' n dA and 
y' e Cj n dA such that Gjj(a;') G n / and G{{y') e ij n /. Since both 4' and 
S,'^ are homotopic to 7 in - (X£ U P„), it follows from ^ that 

d.„(a;',y')<2r£- 

See Figure 2 for an illustration(Since x' and belong to the arc interval (a, c) 
whose cr„— length is not more than 2r£). 
Since cr„ is G„— invariant, we have 

(12) d„^{G\,{x'),G\{y'))<2rl. 
On the other hand, since G{^{y'), Gl^(x') £ /, we get 

(13) d,„iGi{y'),Gl,ix')) = d.„(Gr'(GUy')),G:.(x')) < a„(/) < r^. 
It follows from ([HD, and that 

d.„(G^,(y'),GUy'))<3r2. 

This is a contradiction with the definition of Lq in CoroUarv l 2 . 1 1 and the choice 

of L. The claim follows. 

Now there are two cases. In the first case, all the domains -D(^i), 1 < i < 
+ 2 are disjoint. Since each component of dA — ^£+jv_|_2 intersects at most 

one of ^i, 1 < z < iV + 2, it follows from the claim that for every 1 < i < N + 2, 

(14) |(9A-i?(^,))nXIV^+2l>2. 

This is because otherwise, there would be two domains D{^i) and D{£_j) with 
l<iy^j<N + 2 such that one is contained in the other one, and this is 
impossible since we have assumed that all the domains D{£^i), 1 < i < N + 2, 
are disjoint in this case. From ([Tl)) . it follows that 

l^(eOnX£+^^+2l<l 



SIEGEL RATIONAL MAPS WITH PRESCRIBED COMBINATORICS 19 




Figure 4. D{^j) contains all D{^k) for k ^ j 

for every 1 < i < N + 2. For otherwise, the lemma has been proved. Since is 
non-peripheral, it follows that D{^i)n Pn is non-empty, and by the symmetric 
property of and P„, we have 

\Di^i)nPn\ > 2. 

We thus get 

\Pn\> l^te)nP„| >2(7V + 2). 

l<j<Ar+2 

This is a contradiction with ^ . 

In the second case, there are two domains and D{^j) such that 

where \ < i ^ j < N + 2. By the claim which we proved previously, it follows 
that none of the components of 9A — X^j^j^j^-, intersect both and ^j. This 
implies that 

See Figure 3 for an illustration. We thus get by assumption that 

(15) |(aA-i?(0))nXlVAr+2l<l- 

It follows that all the domains D{^k),k ^ j, are contained in D{£^j). This is 
because if some D{£^k), k ^ j, is not contained in D{£^j), from p^ . it follows 
that one component of dA — X2^j^^2 would intersect both and ^fc, but this 
again contradicts with the claim we previously proved. See Figure 4 for an 
illustration. In this figure, we assume that (OA — D{£_j)) n X2+N+2 contains 
a single point a. 

Now we claim that all the domains D{S^k),k ^ j, are disjoint with each 
other. In fact, if -D(^i') C -D(Cj') for some i' and j' such that i' ^ ^ 
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^ j, then by the same argument as above, we get that D{^ji) contains 
ah the other domains D{^k), i<k<N + 2,k^j'. In particular, 

and hence = ^j'. This is a contradiction with (fTT|) . The claim follows. 
Since for any l<k<N + 2,ky^j, D{£^k) C D{£,j) and each component 
of 9 A — "^^^ ^'-'^ intersect both and ^/c, it follows that for every 

l<k<N + 2aiidk^j, 

\idA^Di^,))nx2+^+^\>2. 

See Figure 4 for an illustration. 
By assumption, we have 

l^(a)nxi%+2l <i- 

As before, it follows that 

\Di^k)nPn\>2 

for every l<k<N + 2,ky^j. This implies that 

\Pn\> J2 \Di^k)nPn\>2{N+l). 

l<k<N+2,k^j 

This is a contradiction with ([9|). The proof of Lemma [2.81 is completed. 

□ 

Lemma 2.9. For any L > there is an e > such that for every n large 
enough, we have 

da„{x,y) > e 
for any two distinct points x,y £ X£. 

Proof. As in the proof of Lemma 12. 7( we may consider the combinatorial 
model Fn instead of G„. That is, 

XI = {F^,{x)\ xenF^,-L<k<L}n dA. 

Let us also define 

Xl = {F''{x) \ X enF,~L <k < L}n dA. 

Now for L > given, X£ Xi as n ^ oo. Let / be the smallest component 
of dA — Xl. Since 9 is an irrational number, there is a least integer m > 
such that 

dAc \J e^-^^I. 

0<(<m 

Since each e^'^*'^/ is open, < / < to, it follows that there is an A^i > 0, such 
that for all n > Ni, and any component / of dA — X£, we have 

dAc \J e^-^'^"/. 

0<i<m 

Since (T„ is _F„— invariant, it follows that for any x and y in X£, 

da„{x,y) > 1/(to+ 1) 
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for all n > iVi. □ 

Lemma 2.10. For any < e < 1, there exist < < 1/2 and an integer 
L{e) > 1 dependent only on e and 6 such that for all n large enough and any 
arc segment I with e < a'„{I) < 1 ~ e, there is an integer 1 < I < L{e) such 
that the following inequalities hold: 

1. a„(/nGU/)) >/ie, 

2. <j,,{I - GUI)) > fie, 

3. <j,,{GUl) - I) > fie. 

Proof. As in the proofs of Lemma l2.7l and l2.9i let us consider the combinatorial 
model Fn instead of Gn- In particular, in the definition of (7„, G„ is replaced 
by Fn, and ct„ is thus invariant. 

Claim 1: For any < S < 1, there exist < v < 1/2 and an integer 
K{S) > 1 dependent only on S and 6 such that for any arc segment / with 
S < \I\ < in — 6, there is an integer 1 < I < K{d) such that the following 
inequalities hold: 

1. \lne^'''^'^l\ > v5, 

2. |/-e2"'«/| > v5, 

3. je^"'*'/- /| > u5. 

By using the fact that 6 is an irrational number, the claim can be proved by 
a compacting argument. We leave the details to the reader. 

Claim 2: For any < (5 < 1, there exist {) < v < 1/2 and an integer 
K{5) > 1 dependent only on S such that for all n large enough and any arc 
segment / with 5 < |/| < 27r — S, there is an integer 1 < / < K{6) such that 
the following inequalities hold: 

1. |/ne2'^*'^"/| > i^S, 

2. |/- e2^''^"/| > lyS, 

3. |e2'^*'^"/-/| > lyS. 

Claim 2 follows from Claim 1 and the fact that On ^ 9 a.s n ^ oo. 

Claim 3: For any e > 0, there is a (5 > dependently only on e and 9 
such that for all n large enough and any arc segment /, cr„(/) > 6 provided 
that |/| > e, and moreover, the converse is also true: |/| > 6, provided that 
<T„(/) > e. 

Let us prove the first assertion. Suppose |/| > e. Then there is an integer 
K > 1 dependent only on 6 and e such that for all n large enough, the following 
holds: 

0<1<K 

Since (T„ is F„— invariant, it follows that cr„(/) > 1/{K + 1). This proves the 
first assertion. 

Let us prove the second assertion now. It is sufficient to prove that ct„(/) < 
e provided that |/| < S. For e > given, let K be the least integer such that 
K > 1/e. Since 9 is an irrational number, it follows that there is a (5 > such 
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that for any arc segment / with |/| < S, the closure of the arc segments 

are disjoint with each other. Since 0„ — > as n — s- oo, it follows that for all 
n large enough, and any arc segment / with |/| < 5, the closure of the arc 
segments 

g2^»;e„j Q < ; < ^ 

are disjoint with each other. Since (T„ is i^„— invariant, it follows that 

a„(/) < 1/{1 + K)<£. 

This completes the proof of Claim 3. Now the lemma follows directly as a 
consequence of Claim 2 and 3. □ 

Lemma 2.11. Let r > 0. Then there exist K > and Nq > dependent 
only on r and 9 , such that for all L> K and n > Nq and any arc segment I 
with fJn (!) > T, the following inequality 

\inx2\ > 2 

holds. 

Proof. As in the proofs of Lemma [?771 and [T^ let us consider the combinatorial 
model Fn instead of Gn- Assume that cr„(/) > r for some r > 0. From Claim 
3 in the proof of Lemma 12.101 there exist e > and iVi > which depend 
only on and r such that for all n > Ni, the following inequality 

|/|>6 

holds provided that (Tn(/) > t. For such e > 0, since 6 is irrational, it follows 
that there exists a K > which depends only on 9 and e such that for any 
I cdA with |/| > e/2, 

|j^|g27riie| - K <l < K}\>2. 

Since 6'„ — > 6, it follows that there exists an A''2 > which depends only on 
K and e, such that for all n> N2 and any arc segment I C dA with |/| > e, 

\I n {e^"'**" I ~K <1<K}\>2. 

Let A^o — max{A^i, N2}. Then for all i > AT and n> No, we have 

\I n {e^'^*'^" I - L < / < L}| > |/ n {e^^^*'®" | -K <1<K}\>2. 

The lemma follows. □ 

Lemma 2.12. For any L large enough there is aS > such that for all n large 
enough, the hyperbolic length of every simple closed geodesic mP^ — (A£UP„), 
which intersects the unit circle, is greater than S. 

The proof is by contradiction. Assuming that the Lemma were not true. 
The basic idea is to construct two short simple closed geodesies so that they 
intersect with each other. This is realized by first constructing two short 
simple closed geodesies 77' and 77" which intersect with each other, but which 
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belong to different hyperbolic Riemann surfaces. The next step is to find a 
common hyperbolic Riemann surface in which there exist two simple closed 
geodesies ^' and ^" which are, respectively, homotopic to rj and ry", and most 
importantly, separate some set Z C 9A in the same way as ry' and ry". This 
implies that ^' and ^" must intersect with each other. This is a contradiction 
with Theorem A.l(see Figure 5 for an illustration). 

Proof. Let Lq be the number defined in Corollary 12.11 Suppose that L > 
max{N + 2,Lo} and that 7 is a simple closed geodesic in — (X£ U P„), 
which intersects the unit circle, and has length less than 6. By Lemma 12.81 
and replacing L by L + + 2 if necessary, we will have a short simple closed 
geodesic 77 in — (P„ U X'l) such that 

\Dir^)nX2\>2 

and 

\{dA^Dirj))nX2\>2. 

Let 

I cdAn D{ri) 

be the maximal closed arc segment such that dl C X£. Here dl denote the 
set of the two end points of /. Similarly, let 

J ddA- D{ri) 

be the maximal closed arc segment such that dJ C X£. From Lemma [2.91 
and the above two inequalities, it follows that there is an e > which depends 
only on L and 9 such that 

(16) min{o-„(/),o-„(J)} > e 

for all n large enough. For such e, let < /i < 1/2 and L{e) > 1 be the 
numbers given in Lemma 12.101 Now take r = /xe in Lemma 12.111 and let 
K > Q he the value there. Let 

S = K + L + L{e). 

By Lemma [2.101 and (fTB|) . there is an < ^ < L(e) such that the following 
inequalities hold for all n large enough: 

1. a„(/nGU/)) >T, 

2. a„(/-G5,(/)) >r, 

3. CT,,{Gl{I)-I)>T. 

Let Z = X^n G-'(XJJ). It follows that X^ C Z. From Lemma HHI] and the 
above three inequalities, we have 

i. |/nGU/)nz| >2, 

ii. \{i-GUi))nz\>2, 

iii. \iGUi)-i)nz\>2. 
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Figure 5. The geodesies r]',r]",^', ^" and the points in Z 

Now let us assume that S, and hence ||7||pi-(p„uX£) and |j'7||pi-(p„ux]^) 
are small enough so that Theorem A. 2 and Theorem A. 3 can be applied in 
the following discussion. 

From Lemma [Z!6l bv taking M = K + L{e)), we have 

(P„UX£)cG-'(P„UX^) 

and 

|G-'(P„UX^)-(P„UX£)| <C, 

where C only depends on L, N, S, and the degree of F. By Theorem A. 3, there 
exists a simple closed geodesic ry' in — G~^{Pn U Xg), which is homotopic 
to in Pi - (P„ U X£) such that 

(1'^) h'llpi-G;;'(p„uxg) ^ C'M\v^-(P^LiXi) 

where C" depends only on L, S, and the degree of F. Since 77' is homotopic 
to 77 in Pi - (P„ U X2), we have 

/ C 9A n D{r]') and J cdA- D{r]'). 

Let 

9An?7' = {a, 6}. 

By theorem A. 2, G^(r?') covers a short simple closed geodesic ry" in P^ — 
(P„ U ^5), and therefore, 

(18) \W'\\p^-{P„ux^) < ll??'llpi-G-'(P„uxg)- 

Most importantly, rj" separates Gjj(/) and Gl^{J), that is, one of them is 
contained in D{if) and the other one is contained in the outside of D{rj"). 
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Let 

dAnv" = {GUa),GUb)} ^ {c,d}. 

From the inequalities (i), (ii), and (iii), it follows that one can label the four 
intersection points a, 6, c, and d appropriately, such that they are distributed in 
the order of a, c, b, and d, and moreover, each of the three segments [a, c], [c, b], 
and [b, d] contains at least two points in Z . See Figure 5 for an illustration. 
From above it follows that both 77' and 77" are non-peripheral curves in 
- (P„ U Z). Let C be the simple closed geodesic in - (P„ U Z) which is 
homotopic to 77' in P^ — (P„ U Z). Since 

Pi - (P„ U Z) D pi - G-'(P„ U X^) 

by the definition oi Z, it follows that 

(19) IIC'l|pi-(P„uz) < Ih'l|pi-G-H-P,.uj>f5)- 

Suppose ^' intersects with 9A at the two points x and y. Similarly, let 
be the simple closed geodesic in P^ — (P„ U Z) which is homotopic to if in 
Pi - (P„ U Z). Since 

Pi - (P„ U D Pi - (P„ U X^) 
by the definition oi Z, it follows that 

(20) ||C"l|pi-(P„uz) < ll??"l|pi-(P„uX5)- 

Suppose ^" intersects with 9 A at the two points z and w. One can label 
X, z, y, and w so that they are in the same order as a, c, b and d. This implies 
that and ^" separates the points in Z in the same way as 77' and 77". It 
follows that 

See Figure 5 for an illustration. But HZ]), (HH]), IHl) and ([201) imply that 
both ^' and ^" can be short to any extent provided that S is small. This is a 
contradiction with Theorem A.l. 

□ 

Lemma 2.13. There exist L > N + 2 and a S > such that for every n large 
enough, any simple closed geodesic 7 in — [Pn H X£) has length greater 
than 5. 

Our argument is an adapted version of the one used in §8 of [9J. In fact, all 
the short simple closed geodesies which do not intersect the unit circle, consist 
of a G„— stable family F. Since \P'q — i9A| — \Pp — 9A| does not depend on 
77., there is an 777 > independent of 77 such that HA™!! < 1/2 where A is the 
associated linear transformation matrix. Then by using a similar argument 
with the one in ,9], it follows that the simple closed geodesies in F can not 
be too short. In the following proof, we will present the details at the place 
where the situation here is different from that in §8 of [9^, and only give a 
sketch if they are the same. 



26 



GAOFEI ZHANG 



Proof. By Lemma 12.121 we can take + 2 < L < oo and e > such that 
for all n large enough, any simple closed geodesic in — (P„ U X^), which 
intersects the unit circle, has length greater than e. 

Let < 5 < e and consider the family Ts of all the simple closed geodesies 
in — {Pn U X2) which has length < 5. By using the same argument as in 
the proof of Proposition 8.1 in 9J, it follows that if 7^ for 6 small enough, 
then there is a G„ — stable family in — Pq^ U {0, 00}, say F, which consists of 
short simple closed geodesies in P^ — (P„ U X£) and which satisfies certain gap 
property. Roughly speaking, the gap property means that there is a uniform 
T > 0, such that every simple closed geodesic in P^ — (P„UX£) either belongs 
to F or has hyperbolic length greater than r. We refer the reader to §8 of [9] 
for more details about this property. 

Now let A be the associated linear transformation matrix of F. According 
to Thurston's characterization theorem (see §5), we have ||y4|| < 1. Since the 
curves in F do not intersect the unit circle, and |P„| = 2N, it follows that the 
number of the curves in F has an upper bound which is independent of n. This 
implies that the number of all the possible linear transformation matrixes also 
has an upper bound independent of n. Therefore, there is an < to < 00, 
which is independent of n, such that ||^™|| < 1/2 where A is the Thurston 
linear transformation matrix for any such Gn — stable family F. Note that 
TO does not depend on L. In the following we may assume that P > m by 
increasing L if necessary. 

Now assume that 7 e F is a short simple closed geodesic in P^ — (P„UX£). 
Recall that for a hyperbolic Ricmann surface X, we use \\'^\\x to denote the 
hyperbolic length of the simple closed geodesic which is homotopic to 7 in 
X. Let us consider the set of all the simple closed geodesies in P^ — (P„ U 
-^L+2m) which are homotopic to 7 in P^ — {Pn U X^) and with length less 
than log(-\/2 + 1). The number of the curves in this set is not more than 

which is independent of n. By Lemma 12.121 it follows that among all these 
curves, only the one, which does not intersect the unit circle (therefore, is 
homotopic to 7 in P^ — P„ UX£^2t?j.)' '^^'^ t)e short. The length of all the other 
curves has a positive lower bound which is independent of n. By Theorem 
A. 3 we get 

(21) \h\\p'-iP„uX2) ^ ll^llp^-(P„uXLV.„J + 

where Ci is some constant independent of n. 
Let 

y = aAnG-™(x£). 

It follows that 

pi-(p„ux£+2„jcpi-(p„uy). 

So 

(22) \h\\p^-iP„uX2_^_2,J ^ ll">'llpi-(P„ur)- 
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From mi and (l22l), we have 

pi-(p„ux];) — II 'iipi_(p„uy) 



(23) Il7llpi^_rp MX"^ ^ ll7Li^_fP ny^ + 



Note that 

pi - g;:"(p„ u x£) c - (P„ u r). 

For each 7i G F, let 

7., J, a C Pi - G-'"(P„ U X£), « G A,,j, 

be aU the components of G"™ {jj ) , which are homotopic to 7^ in P^ — (P„ U F ) , 
and whose length is less then \og{^/2 + 1). Here Aij is a finite set. 

By the gap property of F, there is a uniform positive lower bound P > 
independent of n such that every simple closed geodesic in P^ — G~™(P„UX£), 
which is homotopic to some 7^ in P^ — (P„uy), but does not belong to {74, j,a}, 
must have length greater than P(This is the place where the gap property is 
required). This, together with Theorem A. 3, and the fact that 

|G-™(P„UX£)-(P„ur)| 

depends only on L^N^m, and the degree of P, implies that there is a < 
G2 < 00 independent of n such that 

(24) Il7^llpi'_(p„uy) < E E ll^*.^-llp.-G-'"(P„uX2) + 

j a 

Since P > m, it follows that 

G™ : Pi - G-"\Pn U X'l) ^ P^ - (P„ U X2) 

is a holomorphic covering map. This, together with the inequality ||A||™ < ^ 
implies 



(25) EEEii^M^-iipi-G-fP^uxn ^ ^E 



-G-'"(P„uxj) - 2 ^ Il7»llpi-(p„ux£)- 

j Q i 



From (1121), dMl), and we have 

E ll">'»llpi-(P„uxj;) - 2 ^ ll'>'«llpi-(P„ux^) + 

i i 

and hence 

(26) Ell^'llp^-(P„uxi;)<2C. 

i 

where < C < 00 depends only on L,m, N and the degree of P. Lemma r2.13l 
follows. □ 

Let Zn and P„ denote the set of the zeros and poles of G„, respectively. 
The following two lemmas imply the bounded geometry of Pq^ and the com- 
pactness of the sequence {G„}. 

Lemma 2.14. There is a S > independent ofn such that for any two points 
in P„ U Z„ U Vn, say x and y, we have ds'^ix, y) > S. 
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Proof. Let L > + 2 be the number in Lemma 12.131 It is elear that 
P„UZ„UP„cG-i(P„UX£). 

Consider the space 

r„ = pi-G-i(p„ux£). 

Assume that Lemma [2.141 were not true. Then we would have a sequence of 
integers, say {rik}, such that nfe — > oo as fc ^ oo, and a sequence of short 
simple closed geodesies, say <^ such that |j7nfc||Y„^ 0. Then every 
Gukilnk) covers a short simple closed geodesic C — UX^*") whose 
length goes to as fc ^ oo. This is a contradiction with Lemma [27T31 □ 

Lemma 2.15. There is a 6 > independent of n such that for any point in 
Pn U Zn U Vn, Say X, we have dgi (x, 9A) > 5. 

Proof. Let x* be the symmetric image of x about the unit circle. It follows 
that x* e P„ U Z„ U Vn. By Lemma EH ds2{x,dl\) = ds2{x,x*)/2, and 
therefore has a positive lower bound independent of n. □ 

Recall that TZ2d-i denotes the space of all the rational maps of degree 
2d—l. From Lemma [2.141 and Lemma [2. 151 we get 

Lemma 2.16. The sequence {G„} is contained in some compact subset of 

2.3.3. Bounded geometry of Pg„ on dA. By passing to a convergent subse- 
quence, we may now assume that G„ — > G. It follows that G|9A is an an- 
alytic critical circle homeomorphism with rotation number 0. It was proved 
by Herman and Swiatek that such a critical circle homeomorphism is quasi- 
symmetrically conjugate to the rigid rotation Rg if 9 is of bounded type (see 
[20] for a detailed proof). Let h : dA dA be the quasi-symmetric homeo- 
morphism such that 

h{l) = 1 and G\dA = hoRgo h'^ 

Since G„ and P„ are combinatorially equivalent to each other rel Pp , there 
exist a pair of homeomorphisms 0„ ,-!/;„: S''^ —> such that 

{S^P^J (P1,P^J 

{S^P'pJ iP\PhJ 
and (f>n is isotopic to ipn rel Pp^ . 

Lemma 2.17. ipn\dA — > h, 0„|9A h uniformly as n ^ oo. 

Proof. We need only to prove that ipn h uniformly as n — > oo. The other 
one can be proved by the same argument. Let N be an integer such that the 
length of each interval component of dA — {G'^(l)}o<A:<Ar is less than one- 
sixth of the whole circle. Since G„ G uniformly as n oo, it follows that 



SIEGEL RATIONAL MAPS WITH PRESCRIBED COMBINATORICS 29 



when n is large enough, the length of each component of dA~ {G'Jj(l)}o</c<Af 
is less then one-fifth of the whole circle. Let 

5i = niin{|/|/6 | / is a component of dA - {e2'="*}o<fc<Ar}. 

It follows that for every n large enough, the image of an arc segment with 
length less than 6di will be mapped by i/'n to some arc segment less than one 
half of the whole circle. In fact, if tpn{I) contains a half of the circle, then it 
contains at least two components of dA — {G^(l)}o<fe<Ar- This implies that 
I contains at least two components of dA — {e^'^'^'^}o<fc<Ar- But this is a 
contradiction with the definition of Si. 

Now for any given e > 0, since h is uniformly continuous, we have a, 62 > 
such that for any x, x' G dA and |a; — x'| < 4^2 , 

(27) \h{x)~h{x')\<e/5. 

Take S — min{5i, 62}- For such 6, there is an integer Af > such that for any 
X in the unit circle, there are two integers < fci , fc2 < M such that 

(28) e^'^*'^!'' eix + 6,x + 2S) and e^'^*'^^'' eix-26,x- S). 
For such e, S, and M, take N large enough such that when n > N, 

i. \0n -0\< S/2TrM; 

u. \G^{x) - C'ix)] < e/5 for aU 1 < fc < M and aU x e 5A; 
From ((28| and Property (i) above, it follows that we have 

(29) e^^^k^e„ ^ (^.^ 3. + 3^) and e^^^'^'^^" e {x - 35, x). 

This implies that e^^'^^^^", x, and e^^*'^^^" are contained in an arc segment 
with length less then 6(5, which is mapped by ipn to some arc segment less 
than one half of the circle. It follows that 

|^„(x) - Me'''"'''-)\ < IMe^'''"'''") - ^n(e2"'=^''")|. 
We thus have the following, 

- hix)\ < |V„(x) - Me'^"'''")\ + IMe'^'"''") " hie'^''^')\ 
+ \h{e^''''''')^h{x)\ 

< IMe^""'''^") - + IMe^""'"'^") " /i(e'"*'=^^)| 

+ |/,(e2-fcie)_/i(a;)| 

= |G^(1) - G^H1)| + |Gji^(l) - G'=^(l)| + IMe^-^^^) - hix)\ 

< iC^'il) - G'^Hl)! + IG^Ml) - G''H1)\ + |G'=^(1) - G^^(l)| 

+ |G^ni) - G'^Ul)! + IMe'"'''') - h{x)\ < e 
Let us explain how the last inequality comes. The inequalities |Gj;i(l) — 
G''-i(l)| < e/5, |G'=^(1) - Gj;^(l)| < e/5, and |G^i(l) - G'=i(l)| < e/5 come 
from the property (ii) above. The inequality IG^'^^l) — G'^^(l)| < e/5 comes 
from dUl) and The inequahty |/i(e2^*'=i^) - h{x)\ < e/5 comes from 1^ 

and jlH). 

□ 
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2.4. The Candidate Blaschke Product. In this section, we will show that 
G is the desired Blaschke product by showing that there are homeomorphisms 
(pj^fj : S'^ ^ S'^ which fix 0, 1, and oo, such that G = (j)o F o ip^^ and (p, ip are 
isotopic to each other rel Pp. Recall that for every n large enough, there is 
a pair of homeomorphisms 0„ and ^pn such that G„ = (f>n o Fn o ipn^ "^n 
and ipn are isotopic to each other rel Pp^ . The aim of this section is to show 
that the homotopy classes of (f)„ and ipn converge to the same one as n — s- oo. 

First we will show that for every n large enough, by deforming </<„ and '0„ 
in their isotopy class, we can make 4>n and ■0„ satisfy some local properties 
around each point in fi^?^ U Pp (Lemma I2.18p . Secondly we will prove that 
for every p > 0, provided that n is large enough, the map and '0„ can be 
perturbed within their p— neighborhood into a pair of homeomorphisms (/>„ 
and V'n such that G = (pn ° F o "^n^ (Lemma I2.19p . Finally we will prove 
that when p is small, the maps (pn and ipn are isotopic to each other rel 

(Lemma [220]). 

2.4.1. Deforming (pn and ipn in their isotopy class. Let r > be a number 
such that 

dg2 {x, y) > r 

for any two distinct points x and y in Vlp U {Pp — 9A). Since Fn ^ F 
uniformly, it follows that for any a; G J^f U {Pp — 9A), and every large n, 
Br/z{x) contains exactly one point in fi^?^ U {Pp^ — d/S). Let us denote this 
point by r„(a;). It is easy to see that t„(x) — > x as n — s- oo. By passing to 
a convergent subsequence, and by Lemma 12.161 we may assume that for any 
X e r^i? U {P'p — dA), ipn{Tn{x)) and (f>n{Fn{Tn{x))) convcrge as n — > oo. 

Lemma 2.18. For any r,6 > there exist < ro < r and < So < S, such 
that for any < r' < rg and < S' < So, there exist < ri < r2 < r^ < r' , 
and < Si < S2 < S3 < S' such that for every n large enough, there exist 
homeomorphisms (pn and ipn : S'^ ^ such that 

1. Ipn and (pn are isotopic to each other rel Pp , 

2. Gn = (pn O FnO Ip'^ , 

3. for any a; G 57f U {Pp — 9A), by taking a convergent subsequence, 
'ipn{Tn{x)) and (pn{Fn{Tn{x))) Converge as n ^ 00, 

4. for every x ^ P'p^VJ flp^, Bs,{(pn{x)) C <j)n{BrAx)) C (j)n{Br^{x)) c 
S5,(0„(a;)) C (pn{BrAx)) C ((?!)„ (a;)) C Bs„{(pn{x)) C (j)n{Br„{x)) 
and this inclusion relation also holds if we replace <pn by ipn. 

Proof. From the previous sections, it follows that for every n large enough, 
there exist a pair of homeomorphisms 0„ and ipn such that (1), (2) and 
(3) hold. For any r,S > 0, since Pc„ has uniform bounded geometry(see 
Lemma 12.141 12.151 and I2.17P , we can take Tq <C r and 6q <^ S such that 
for every n large enough, (p„ can be deformed in its isotopic class so that it 
satisfies 

Bs'^{Mx)) C MBr'^ix)) 
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for every x S Pp^^ U r2_F^ . Then we lift 0„ by the equation 

and get ipn. Since Fn ~^ F and G„ — > G uniformly in the spherical metric, 
it follows that there exist Tq and Sq, which can be taken arbitrarily small 
provided that rg and S'q are small, such that 

for every x e Pp^ U ftp,,- Now take tq = max{rQ,rQ} and Sq = min{(5o,^o}- 
By taking Tq, 6'q small enough, we can assure tq < r and Sq < 6. In particular, 

-B5o(0n(a;)) C 0„(Bro(a;)), and Bsgiipnix)) C ipniBroix)) 

for every a; g U r2_F^. Now let r' < ro and S' < 6q be given. We may use 
the same process to get r3,Ss as follows. 

Deform </>„ in a smaller disk around each point x e Pp U so that 

(/)„(B^^(x)) C B^/ (<?!)„(a;)) C (<?!)„(x)) 

for some rJ, ^ r', (Jg ^ (5', and then get ipn by lifting 0„. As in the last step. 
By choosing rg, S'^ small, we can get < < r' and Q < < S' , such that 

(f>n{Br,{x)) C B53(0„(a;)) C (0„(a;)) 

and 

^niBrsix)) C B53(V'„(a;)) C Bso{^-!„{x)) 
for all X e Pp^^ yjrtp^. Since we deform </)„ only in a smaller disk, this step 
will not affect the relations obtained in the last step. We may repeat this 
procedure and get ri , r2 , (5i , 82 so that the corresponding relations are also 
satisfied. The proof of the lemma is completed. □ 

2.4.2. Perturbing (f)n and ipn- 

Lemma 2.19. Let p > be an arbitrary number. Then there exists an N > 
such that for every n > N , there exist homeomorphisms 4>n, ^n, and -071 
of the sphere such that 

1. G„ = (/)„ o F„ o -0-1, and G ^ 4>n ° F ° ipn^, 

2. 0„ and ijjn are isotopic to each other rel P'p^, 

3. max^g52 (i52(0„(z),0„(z)) < p and max^g52 ^52 (^'^(z), "(AnC^)) < P. 

4. M^f) = Mnp) = ^G, and MP'f) = MP'f) = Ph- 

5. 0„|9A = ipnldA — h where h : OA — s- 9 A is the quasi- symmetric 
homeomorphism in Lemma \2.17\ 

Proof. Let 

< ri < r2 < rs < r' < ro < r 

and 

< 61 < 62 < S3 < 6' < 60 < d, 
be a group of constants as in Lemma 12.181 such that 

ds^{x,y) > 5 
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for any two distinct points x and y in U {Pq — 9A). Let 0„ and ipn 
be homeomorphisms which satisfy the conditions in Lemma 12.181 with the 
constants given above. We will adjust these constants appropriately as the 
proof proceeds. 

By taking r' small, and hence r2 small, we may assume that for each c € 17^, 
there is an open topological disk Be containing c such that 

1. F : Be ^ Br2{F{c)) is a dc-to-1 branched covering map, where dc> 2 
is the local degree of F at c, 

2. for ce^F- OA, {Be - {c}) n P], = 0, 

3. all Be, c G flp, are disjoint. 

Since f„ — > F uniformly as n ^ oo, it follows that for any c ^ flp and 
every n large enough, 

BrAPn{Tn{c))) C F„(Bc) C (F„ (t„ (c) ) ) . 

This, together with (4) of Lemma [2. 18) implies that 

BsAMPniTnic)))) C 0„(B,,(F„(t„(c)))) C (/)„(P„(Pc)) - G„ O ^„(B,) 

and 

Gn O MBc) = (t)n{Fn{Bc)) C (P.3 (^n (t"™ (c)) ) ) C Pa;, (0„ (P„ (t„ (c) ) )) . 

From 

S5i(0„(F„(t„(c)))) C G„ o ^„(B,) 

and 

G„ O V„(Bc) C B53(0n(Pn(T„(c)))), 

it follows that there exist v, ji > Q such that for every n large enough, and 
any c € 17^, 

(30) S^(V'„(t„(c))) C V„(Bc) C B.(V'„(r„(c))). 

Since as 5' — > 0, ^i, ^3 ^ 0, one can take ^ and v such that as 5' —> 0. 

In particular, by taking 5' small, we may assume that v < (5o/40. 
Set 

U= [j Be. 

From the first inclusion of (jSO]) and the fact that t„(c) c for any c E ftp, 
it follows that for all n large enough, 

(31) B^/2iMz))nnG^9 

holds for any z E S'^ — U. For such /i, there is an < e < /i/10 such that for 
any z £ — IJcgOg ^p./'^i^)^ G is injective on the disk B^{z). 

For any 77 > 0, from the bounded geometry of Pq , and Lemma 12.171 there 
is an N large enough, such that for every n > N, there exists a homeomor- 
phism 0„ : 5'^ ^ 5^ such that 

i. d(0„, (/)„) = max2gs2 (is2 ((/)„(z), 0n(2;)) < rj, 

ii. 0„(P;) = P^, 

iii. ipni^F) — f^G, and 
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iv. 0„|9A = h, where h : dA —^ dA is the quasi-symmetric homeomor- 
phism in Lemma 12.171 
We now claim that by taking 77 > small enough, we can make sure 
that for every n large enough, and any x £ S"^ — U , there is a unique point 
y € i3e(i/'n(a;)), such that 

(32) G{y) = K{F{x)) 

where <j)n is the map defined previously so that (i) - (iv) are satisfied. 

Let us prove the claim. Since Fn ^ F and Gn G uniformly as n — > cx), 
when 77 is small and n is large enough, (j)n{F{x)) G G{B^{ipn{xy). This implies 
the existence of the point y. Since B^/2{ipn{x)) n f^c = by (PT|) . from the 
choice of e above, it follows that G is injective on i?e(-0„(x)). Therefore, such 
y must be unique and does not belong to Qq- This proves the claim. We 
define V'„(a;) = y ior x G — U. It follows that ^„ is continuous and locally 
injective in — U, and 

(33) ipnis^ ~u)nnG = 

Since ipn(x) = 2/ G B^[ijjn{x)), it follows that \%ljn{x) — ?An(a;)| < £• 

We now claim that for all n large enough, and every c G ^f, i'n\dBc 
is injective and hence ipnidBc) is a Jordan curve. In fact, since for each 
c G ri_F, by the definition of Be, F : Be ^ Br2{F{c)) is a dc-to-1 branched 
covering map, where dc > 2 is the local degree of F at c, it follows that 
F{dBc) = dBr2{F{c)) is a Jordan curve, and hence (f>n{F{dBc)) is a Jordan 
curve. From the construction of ipn, we have 

(34) GiMdB,)) ^ l,,{F{dB,)). 

Since ipn{dBc) n fta = by ([55]) . it follows that 'ipn{dBc) does not intersect 
with itself, and is therefore a Jordan curve. Note that by the construction, 
we have 

1. B^(?An(r„(c))) C Vn(-Be) by m, 

2. e < 7^/10 by the choice of e, 

3. ipn\dBc : dBc — *■ ipnidBc) is a homeomorphism, 

4. |V^„(z) - V'«(2:)| < e for z e dB^. 

All the above implies that the topological degree of : dBc 'ipnidBc) 
must be 1. Since ipn is locally injective in S"^ — U, in particular, it is locally 
injective on dBc- It follows that Jpn is injective on dBc- The claim follows. 

For any c G ri_F, by (3) of Lemma 12. 181 ipn{Tn{c)) converges. Let us denote 
it by c'. From ^0^, and the fact that < e < /i/10, and that |-0„(z)--(/'„(2:)| < 
e for z G dBc, it follows that for every n large enough, 

MBc)nnG^{:}- 

From ((34)) . G : ipn{dBc) (pn{F{dBc)) is a dc : 1 branched covering map, 
where dc is the local degree of F at c, which is equal to the local degree 
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Figure 6. The resulted curves after the first step 

of G at c' . Let be the component of S'^ — (j)n{F{dBc)) which contains 
G{c'). It follows that G : tpn{dBc) dD^ is a dc : 1 branched covering map. 
This allows us to continuously extend ipn to the inside of every Be, such that 
V'n(c) — c' and moreover, 

G{z) = $n o F o ^-\z) 

holds on the whole sphere. It is also easy to see that tpn '■ S"^ ^ S'^ is a 
homeomorphism. 

From the construction of (f>n and ipn, it follows that d{(j)n,4'n) < V and 
V'n) < e + 2i/ < So/15. This completes the proof since i] and i5o can be 
taken arbitrarily small. 

□ 

Lemma 2.20. There is a pQ > small such that for all < p < po, the maps 
(j)n and ipn obtained in Lemma \2.19\ are isotopic to each other rel Pp. 

Proof. Since 0„|9A = i/jnldA = /i, it is sufficient to prove that the restrictions 
of (pn and tpn on the unit disk are isotopic to each other rel P'p n A. This is 
then equivalent to show that for any curve segment 7 C A which connects 
two distinct points a and b in Pp, the image curve segments <j)n{l) and tpnij) 
are homotopic to each other rel {a', 6'} where a' = = 7/1,1(0) and 6' = 

(j)n{b) = tpn{b). 

It is sufficient to consider two cases. In the first case, neither a nor b is on 
the unit circle. In the second case, a is on the unit circle, but b is not on the 
unit circle. The proofs are quite direct. Let us explain the idea only and the 
reader shall have no difficulty to supply the details. 

Suppose that we are in the first case. Let 5 > be such that for any 
z€P^- dA, 

B3s{z)nP^ ^ {z}. 
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Figure 7. The resulted curves after the first step 



Let a„ and be the two points in Pp which are correspond to a and b, 
respectively. Let 7„ be a curve segment which connects a„ and 6„ and is close 
to 7. Let a'„ = ipnian) = V'n(an) and b',^ = = By deforming 

7 in its homotopy class rel {a, 6} and changing 7„ correspondingly, we may 
assume that each of 4>n{ln) and ipn{ln) is the union of three curve segments 
described as follows. The first piece is a straight segment which connects 
and dBs{a'„). The second piece is some curve segment which does not 
intersect the ^— neighborhood of Pq and connects dBs{a'^) and dBs{b'^). The 
third piece is a straight segment connects dBs{b'^) and b'^^. 

Now in Lemma 12.191 by taking < p S small and thus n large, we may 
assume that each of ipnil) and il^nil) is the union of three curve segments 
described as follows. The first piece is a curve segment which connects a' and 
dBs{a'^) and is contained in B2s{cL'n)- The second piece is some curve segment 
which connects dBs{a'^) and dBs{b'^), and is contained in the 2p-neighborhood 
of the corresponding second piece described as above. The third piece is a 
curve segment which connects dBs{b'^) and b' and is contained in B2s{b'^). 

For an illustration of these curves, see Figure 6. 

Now the homotopy is realized by two steps. In the first step, we can deform 
ipnil) in A — Pq so that the first and the third pieces are still contained in 
B25{a'n) and B2s{b'^), respectively, but the second piece coincide with the 
second piece of 0„. Then do the same thing for ijjni'y)- For an illustration of 
the resulted curves, see Figure 7. 

Let us use [A, B] and [C, D] to denote the second pieces of 0,1(7) and ipnij), 
respectively. Since 0ri(7) is homotopic to ?An(7), the curve segment [C, D] can 
be deformed to [A, B] in A — Pq^ so that C moves to A along dBs{a'„) and D 
moves to B along dBs{b'j^)^ and moreover, the deformation can be taken such 
that it does not intersect the (5/2-neighborhood of Pq^^- Since P'q^ is close to 
Pq as n is large, this deformation does not intersect Pq. Since 

B28{a'^) n [P'g {a'}) = B2s{b'J n (P^ - {b'}) ^ 0, 
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Figure 8. Realize the combinatorial structure in A 

the first piece and the third piece of 4>n (7) can be deformed to the correspond- 
ing piece of Tpnil) in B2s{a'j^) and B2s(b'^), respectively. It is not difficult to 
see that these deformations can be taken carefully so that they can be glued 
into a homotopy between ipnil) and ^n{l) in A — P'q. 

The second case can be treated in a similar way. We leave it to the reader. 

□ 

2.5. Proof of Theorem A. 

2.5.1. Realizing the combinatorics in the rotation disk. Let G be the Blaschke 
product obtained in the last section. Since G|(?A is an analytic critical circle 
homeomorphism with hounded type rotation number, by Hcrman-Swiatek's 
theorem, GjSA = ho Rgo h^^ where h : dA A is a quasi-symmetric home- 
omorphism with h(l) = 1. All we need to do now is to follow the standard 
procedure to do the quasiconformal surgery on G. There are many places 
where a detailed description of this surgery can be found(see for example, 

[in], [ig and [sni)- 

The first thing we need to take care of is the combinatorial structure of / in 
the inside of the rotation disk, which is not reflected by the Blaschke product 
G (see Remark l2.ip . Recall that 

X ^{zeQf] f\z) e A - {0} for some i > 0}. 

We may assume that A 7^ 0, for otherwise, we just skip this step. For z £ X, 
let > be the least integer such that f ^'{z) € A. Now we can extend 
h : 9A (3A to a quasiconformal homeomorphism _ff : A — > A by using 
Douady-Earle's extension theorem|7]. By composing H with an appropriate 
quasiconformal homeomorphism r : A — ^ A with r|9A — id, which is still 
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denoted by H, we may assume that H{0) = and 
for each z g X(see Figure 8). 

2.5.2. Quasiconformal surgery. Define a Tnodi/ied Blaschke product as follows. 



(35) G{z) = 



G{z) for \z\ > 1, 

HoRgoH-\z) forzeA. 



Lemma 2.21. G is combinatorially equivalent to f rel Pf n {oo}. 

Proof. Let (f>n and ^„ be the homeomorphisms obtained in §2.4. Let (p — (j)„ 
and ip = 'ipn- By Lemma [2. 191 and 12.201 (p and tp are isotopic to each other rel 
P^, and G = (j) o F o Define 



(36) wo(z) = 



(j){z) for \z\ > 1, 
H{z) for z e A. 



Since G and / have the same combinatorial structure on the outside of the 
unit disk, for k = 1,2, ■ ■ ■ , we can lift Uk-i by the equation 

GouJk^ i^k-l o / 

and get a sequence of quasiconformal homeomorphisms w„ . Note that lui ^ ip 
on the outside of /~^(A). It follows that up to a homotopy, the only possible 
places where uJk-i and ojk are different are the components of [J^i /^'(A) 
which intersect Pf. Let N ^ 1^/ ^ dA\. It follows that for each x ^ Pf, 
either the forward orbit of x under / is eventually finite, or /^^^(x) e A. 
This implies if a component of IJi^i /~'(^) intersects Pf, it must be one of 
the components of /~^~^(A). On the other hand, it is easy to see that 

UJN+l — 

on all the components of /^^^^(A). It follows that ujn+i and ujn+2 are 
combinatorially equivalent to each other rel Pf U {oo}. The lemma follows. 

□ 

Now let us define a G-invariant complex structure fi as follows. Let 

for z e A. For z ^ A, there are two cases. In the first case, the forward orbit 
of z falls into the inside of the unit disk. Let fc > be the least integer such 
that G'=(z) e A. We define ^(z) = (G'=)*(/.t(G'=(z))), that is, we puU back 
by G^ the complex structure of at G^{z) to z. In the second case, the 
forward orbit of z is contained in the outside of the unit disk. In this case, 
we define /i(z) — 0. By this way we get a G-invariant complex structure /i(z) 
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on the whole Riemann sphere. Since G is holomorphic outside the unit disk, 
it follows that 



Mlloo = sup 



< 1. 



By Ahlfors-Bers theorem, there is a quasiconformal homeomorphism $ : S"^ ^ 
such that ^g, = fi and $ fixes 0, f , and the infinity. Now let 

5 = <i> o G o <i)^^. 

It follows that (7 is a rational map which has a Siegel disk centered at the 
origin. Let us denote the Siegel disk by Dg. It follows that dDg is the image 
of the unit circle under <I>, hence is a quasi-circle which passes through the 
critical point 1 of g. This implies that g E Rg'^°"^. By Lemma [2.211 we have 

5 = * ° hN+i o / o /i^^2 ° 

Note that h~^l^_20^~^\Dg : Dg ^ A is a holomorphic homeomorphism. There- 
fore, g realizes the topological branched covering map / in the sense of Defi- 
nition [L3l This completes the proof of Theorem A. 

3. Combinatorial Rigidity of the Maps in R^''°'^ 

3.1. Blaschke Models for Maps in Rg'^"™'. Let G be a Blaschke product 
such that G\dA = hoRgoh^^ where h : dA dA is a quasi-symmetric home- 
omorphism with /i(l) = 1. Let iJ : A — > A be a quasiconformal extension of 
h to the unit disk. Let G be the modified Blaschke product defined by ([35|) . 
We say a Siegel rational map g is modeled by the Blaschke product G if there 
is a quasiconformal homeomorphism (f) : S'^ S'^ such that g — (f>^^ o G o 
We have 

Lemma 3.1. For each g e R^'^""^ , there is a Blaschke product G which models 
9- 

Proof. Let Dg be the Siegel disk of g and ip : Dg ^ A be the holomorphic 
homeomorphism which conjugates g\Dg to the rigid rotation i?e : A ^ A. 
Since dDg is a quasi-circle, we can extend ip to he a quasiconformal homeo- 
morphism of the Riemann sphere: S"^ ^ S^. Then f — ^ o g o ip^^ € RI°^ is 
realized by g. Since g has no Thurston obstructions outside the Siegel disk, 
/ has no Thurston obstructions outside its rotation disk. By Theorem A, 
there is a ^ € Rg'^°"^ which realizes /, and which can be modeled by some 
Blaschke product G. That is to say, g — (pi o G o (f)'^^ where 4>i '■ S"^ ^ S"^ is 
a quasiconformal homeomorphism and G is the modified Blaschke product. 

On the other hand, since g and 'g both realize the topological branched 
covering map /, it follows that g and g are combinatorially equivalent. Since 
the boundaries of the Siegel disks Dg and D^ are both quasi-circles, and 
since Pg — Dg and — Dg are both finite sets, it follows that g and g are 
quasiconformally equivalent. By a theorem of McMuUen (see also [1]), and 
g are quasiconformally conjugate to each other. Let 02 : 5*^ — ^ be a 
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quasiconformal homcomorphism such that g ~ 02 o 5 o 02 ^ ■ We thus get 
g — (j)2 o o G o (j)^^ o 02^^. The lemma follows. 

□ 

Let g S Rg^°^ and Dg be the Siegel disk. Assume that Jg has positive 
measure. Since dDg is a quasi-circle, it follows that [J'^^q g~''{dDg) is a 
zero measure set. Let a;o be a Lebesgue point of Jg — [jkLo9 '^{9Dg). By 
Proposition 1. 14(13], w{xo) C Pg where w{xo) is the w-limit set of xo and 
Pg is the derived set of Pg. Since Pg — dDg is a finite set, it follows that 
g'^{xo) — > dDg as fc — > cxD. By Lemma |3.1[ g is modeled by a Blaschke product 
G. That is to say, there is a quasiconformal homcomorphism cf) : S"^ ~* S"^ 
such that g = (f) o G o (f>^^ . Let zo = (/'""'^(xq), and 

oo 

(37) J3^Jo-\J G-^(A). 

k=0 

It follows that Jg = (j)~^{Jg) is a set of positive measure. Since quasiconformal 
maps preserve zero-measure sets, we have 

Lemma 3.2. zq is Lebesgue point o/ Jg — IJ^p G^'''(9A), andG''{zo) OA 
as k oo. 

3.2. Contraction Regions of G~^. Let c G dAni}c and v — G{c). Suppose 
that the local degree of G at c is 2m + 1 for some integer m > 1. For 5 > Q 
small, denote Us{v) — Bs{v) f] {z\ \z\ > 1}. Then there are exactly m + 1 
inverse branches of G which map Us{c) to m -f 1 domains which are attached 
to c from the outside of the unit disk. In this section, we will show that for 
each c e H 9A, there exists a region Wy C Us{v) which is attached to 
the critical value v, such that when restricted on W^, all these m + 1 inverse 
branches of G strictly contract the hyperbolic metric on some appropriate 
Riemann surface. 

Let = Pi - (A U Pg) and Vl* = - (A U {G-^{A U Pg))). Note 
that f2* may not be connected, and in that case, each component of 17* is a 
hyperbolic Riemann surface. We use dp* = Anjrf^l to denote the hyperboHc 
metric of f2*. To save the symbols, we use the same notation VI* to denote 
the component with which we are concerned, and dp* = \n*\dz\ to denote 
the hyperbolic metric on that component. It follows that G : il* ^ is a 
holomorphic covering map. 

Let r > be small enough and i?r(c) be the disk centered at c with radius 
r. Then there are exactly m + 1 domains which are contained in 

B,(c)n{z| |z| > 1}, 

and which are mapped to the outside of the unit disk. Each of these domains 
is attached to c. Moreover, for each of such domains, the boundary of the 
domain has an inner angle 7r/(2m + 1) at c. Take < e < l/(4m + 2). Let R 
and L be the two rays starting from c such that the angles between 9A and 
R, OA and L, are both equal to eir. Let be the cone spanned by R and L 
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Figure 9. The contraction region of G ^ 

which is attached to c from the outside of the unit disk(see Figure 9, where 
m = 2). Set 

ni^ = s^.nn* nBr{c). 

The following lemma says that on 17^ ^ , G strictly increases the hyperbolic 
metric in O*. The lemma is a general version of Lemma 1.11 in [Pe], 

Lemma 3.3. There is a S > which depends only on e such that for allr > 
small enough and any c G 9 A n flc, we have 

\n.{G{x))\G'{x)\ > {l + 6)Xn,{x) 
where x is an arbitrary point in J ^ . 

Proof. Assume that r > is small. Take any point x € ^Ir- Note that 
may not be connected. We need only to consider the case that x lies in a 
component which has part of its boundary on R or L, for in the other cases, 
G~^(9A) does much more contributions to the hyperbolic density function 
Aq* , and therefore the value 5 can actually bo made bigger. This will be clear 
from the following proof. 

Since G : ^ is a holomorphic covering map, we have 

\n,{G{x))\G'{x)\=\n'{x). 

So it is sufficient to prove that 

Aq. {x)/Xn, {x)>l + 6. 
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Since r is small, when viewed from the point x, f2* is approximately an 
angle domain near the vertex c, with angle avr, where a ~ l/(2m + 1). By 
taking an appropriate coordinate system, we may write x = c + rje^^'^ where 
e < A < a < 1, and < 77 < r. Thus we get 



'a 77^siniA7r r/asin-ATr 

On the other hand, when viewed from x, fi, is approximately the half 
plane, therefore. 



This gives us 



77 sin Att 



, , , , sin Att sineTr 
An* X /An. X « > . > 1. 

a sm — a sm — 



□ 



3.3. Closed Half Hyperbolic Neighborhood. Let / = [a,b] C M be an 
interval segment. Denote C/ = C — (M — /). For a given d > 0, the hyperbolic 
neighborhood of the interval / in the slit plane C/ is defined to be the set 
which consists of all the points x such that dc,{x,I) < d, where d^j denotes 
the hyperbolic distance in C/. Let us use Ud{I) to denote this hyperbolic 
neighborhood. It is known that the set Ud{I) is a domain bounded by two 
Euclidean arcs which are symmetric about the real line. The exterior angle 
between the Euclidean arc and the interval / is uniquely determined by d, and 
let us denote this angle by a{d) ( for an explicit formula of a{d), see [28]). 
Such an object was first introduced by Sullivan to complex dynamics and now 
becomes a popular tool in this area. 

Now let us adapt this object so that it is suitable for our situation. For 
each arc segment / C 9A, Let 

r!/ = Pi - (Pg - /). 

For any two points x,y d Clj, let duj (x, y) denote the distance between x and 
y with respect to the hyperbolic metric on Let 

(38) Hd{I) = {z^ni\ dnAz.I) < d,and \z\ > 1}. 

where dQj(x,y) is the hyperbolic distance between x and y in Qj. 

Let Aa{I) C {z : l^l > 1} denote the arc segment of some Euclidean circle 
such that it has the same ending points as / and such that the exterior angle 
between Aa{I) and / is equal to a. Let 

7d(/) = dHdil) - /. 

Note that 'Jdil) may not be an arc segment of some Euclidean circle. But 
since Pq — dA is a finite set, it follows that when |/| is small enough, the 
set Pg — dA will do very little contribution to the hyperbolic density of the 
points near the arc /, and thus jd{I) is like the Euclidean arc Aa:(d){I)- Let 
us formulate this as the next lemma and leave the proof to the reader. 
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Figure 10. The map $ : S ^ S* 

Lemma 3.4. For any 6 > 0, there is an e> 0, such that when \I\ < e, 7d(/) 
lies in between the two Euclidean arcs ^a(d)+5(-?) and Aa(^ci)-5{I)- 

Let us fix d > throughout the following discussions. Let 

AG = {cenG-dA\3k>l such that G''{c) G ^A}. 

For any c e Ac, let k{c) > 1 be the least integer such that G'^^"^ e dA. Let 

XG = {G''^'Hc)\ceAa}. 

Lemma 3.5. Let J C OA with J fl = 0- Let I = G{J). Suppose that 
I n Xg = 0. Then V C Hd{J) where V is the connected component of 
G~^{Hd,{I)) which is attached to J from the outside of the unit disk. 

Proof. Let ilj = — G~^{Pg — I). By the assumption, it follows that 
G : — > Oj is a holomorphic covering map. For any two points x,y G Slj, 
let d^^ {x, y) be the distance between x and y with respect to the hyperbolic 

metric on fJj. It follows that 

V C{z\d^^^{z,j)<d,\z\>l}. 

Since /n Xq = 0, wc have VLj C ^ij, and therefore dnj{x,y) < df^^{x,y) for 
any two points in fij. This implies that 

{z\d^^{z,J)<d,\z\>^}^Ha{J). 
The lemma follows. □ 

Lemma 3.6. Let d' > d. Then there is a i > such that for every J C dA 
satisfying 

1. \J\<i, 
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2. Jn f^G = 0, 

3. /nXG^0 where I = G{J), 

we have V C Hd'{J) where V is the connected component of G~^{Hd{I)) 
which is attached to J from the outside of the unit disk. 

Proof. Since Pq — dA is a finite set, there is a (5 > such that 

{Bs{x)-dA)nPG^9. 
where x is the mid-point of /. Let 

I] ^ Bs{x) - {dA - I). 

It is clear that S is a simply connected domain. Since J D flc — and S — 7 
contains no critical value of G, there is an inverse branch of G, say, $, defined 
on E which maps E to some domain containing J. Let 

E* = $(E). 

See Figure 10 for an illustration. Let ) and ) denote the hyperbohc 
distance in E and E*, respectively. Define 

H^,{I) = {z g E I < d' and \z\ > 1} 

and 

Hdil) = e E* I d^*{z,I) < d and \z\ > 1}. 
Since for / small, when viewed from the points near /, the difference between 
flj and E is small, it follows that 

H4l)cHd'{I) 

provided that |/| is small enough. Since (f> : E — > E* is a holomorphic isomor- 
phism and E* C flj, we have 

The lemma follows. 

□ 

3.4. Minimal Neighborhoods. Let zo be the point in Lemma 13.21 Let 
Zk — G''{zo) for fc > 1. In §3.2, we show that there exist regions which are 
attached to the critical values on the unit circle, such that in these regions, 
G^^ strictly contracts the hyperbolic metric in fl^,. Our next step is to show 
that, there will be some infinite subsequence of {zk} which passes through 
these contraction regions. To prove the existence of such infinite subsequence, 
we will introduce an object, called minimal neighborhood. 

Recall that G\dA = hoRgo where h : dA dA is a quasi-symmetric 
homeomorphism with h{l) = 1. Now for each arc / C dA, we define cr{I) = 
\{h~^{I)\. It follows from the definition that cr is G-invariant. 

Lemma 3.7. Let S > be small. Then there exists a r > .such that for any 
two arcs I,J(1 dA with / H J 7^ and \.J\ < t\I\, we have cr{J) < Sa(I). 
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Figure 11. cr(J) < S<t{I) when the angle between [x, y] and 
/ is smaU enough 

The proof is easy and we shall leave the details to the reader. 

Lemma 3.8. Let S > be small. Then there is a p > and an e > such 
that for any I C dA with |/| < e and any x G Hd{I) and y Cz I , if the angle 
between the segment [x, y] and dA is less than p, then there is an arc J C dA 
such that 

1. X G Hd{J), and 

2. cr(J) < 5a{I). 

Proof. We may consider the worst case, that is, x £ ld{I)- See Figure 11 
for an illustration. If e is small, by Lemma [3.4[ 7c;(/) lies in between two 
Euclidean arcs which have the same ending points as the arc /. So if p is 
small enough, x must be close to one of the end points of /. On the other 
hand, by Lemma [23] again, if a; G "ld{I) is close to one of the end points of /, 
say a, it must be contained in Hd{J) for some J with 

|J| = 0{d{x,a)) 

and a being the middle point of J. Clearly, as p ^ 0, 

d{x,a)/\I\ 0. 

It follows that by taking p small, | can be as small as wanted, and hence 

by Lemma [STfl a{J) < Sa{I). Lemma |3^ follows. □ 

Let fc > be an integer. Define 

(39) $fc = {/c9A|zfcei/d(/)}, 
and 

(40) Zfc =inf{<7(/)| /e $fe}- 

Remark 3.1. Note that by taking a limit of a convergent subsequence of the 
intervals, the value Ik in can be obtained by some interval I (E ^k- 
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Since Zk dA, we have 
Lemma 3.9. h ^ as k ^ oo. 

Definition 3.1. For each n, we define < m(n) < n to be the least integer 
such that 

(41) Iniin) = rairL{lk\0 < k < n}. 

The following two lemmas follow directly from the definition of m(n) and 
Lemma 13.91 

Lemma 3.10. m{n) < m{n + 1), and m{n) oo as n oo. 

Lemma 3.11. For each m{n), there is an open arc, say Im(n) C 9A, which 
may not he unique, such that cr(/m(„)) = lra[n) and Zm(n) G Hd{Im{n))- 

Proof. As mentioned in Remark 13.11 by taking a convergent subsequence of 
the intervals, we can get an interval / C dA such that = lm{n) and 

/ G Let us denote this interval by Im{n)- By the minimal property 

of Im{n), it follows that dfij^i^j (zm(„),/m(„)) = d and therefore, Zm{n) e 

ld{Im(n)) C Hd{Im(n))- D 

We call the region Hd{Im(n)) in Lemma l3.11l a minimal neighborhood asso- 
ciated to the number m{n). From the proof of Lemma l3.1H Zm(ri) G ld{Im(n))- 

Lemma 3.12. There exist e > and r > and an increasing sequence 
of integers {r(n)} such that for all n large enough, Zr(n) ^ ^er some 
c e 17g n dA. 

The idea of the proof is based on the following fact: for r > small and 
c € n dA, if y,y' g Br{c) such that G{y) — G{y'), then a and a' can 
not be both small, where a is the angle between dA and the straight segment 
[c, y] , and a' is the angle between dA and the straight segment [c, y'] . 

Proof. To fixed the ideas, let e > and r > be two small numbers and N 
be a large integer. By taking N large, we may assume that when n > N, the 
interior of the minimal neighborhood Hd{Im(n)) does not intersect Pq. We 
may also assume that Im{n) does not contain any critical point of G. Since 
otherwise, by Lemma [3.8l and the minimal property of m[n), it follows that the 
angle between the straight segment [c, Zm(„)] and dA has a uniform positive 
lower bound, and this will imply the lemma. Take n > N. Let 

M = mm{k > 1 | 3 c G f^c H such that G''{c) S /„(„)}. 

For < ^ < Af, let J; C dA be the arc segment such that 

G\Ji) — Im{n)- 

Since 6 is of bounded type, there exists a number K which depends only 
on and \Xg\ such that the number of the intervals Ji, 1 < I < M, which 
intersect Xq is not more than if (Note that M can be arbitrarily large if 
is small). Moreover, by taking n large enough and thus /„(„) is small, we may 
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Figure 12. |a - fe| < |c - b\ 



also assume that each Ji, < I < M, contains at most one of the points in 
Xq. For < I < M ~ 1, let Vi denote the puU back of Hd{Im(n)) by G' along 
the orbit { J/}o</<a/-i- It follows that for any d' > d, there is an 77 > 0, such 
that 



for all < Z < M — 1 provided that |/m(ri)| < V- This is because the number 
of Ji, < / < M, which intersect Xq, is not more than K, and thus we need 
only apply Lemma 13.61 at most K times, and for all other J;, we can apply 
Lemma 13.51 in which case d is not increased. From now on, let us fix a d' > d 
and suppose that n is large enough such that |/m(n)| < V- 

Now there are two cases. In the first case, there is some 1 < k{n) < M — 1 
such that 



for aU < Z < M - 1. 

In the first case, let Jk(n) = [ij b] where b is such that |a — c| < |6 — c|. Let 
z' e Hci'{Jk(n)) be such that 



holds for aU < / < k{n) 



e Hd'iJi) 

~ 1, but 

Zm{n)-k{n) ^ Hd'{Jk{n))- 



In the second case. 



G Hd'iJi) 



(42) 



'in {71) — k{n)-\-l [nj — lj- 



Since 



^771(71) — k(n)-\-l G Hd'{Jk( 7l) — l)l 
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Figure 13. a{J') < a{J) 



it follows that when n is large, Zm(n)-k{n)+i is near dA and thus m(n) — fc(n) + l 
is large. In particular, 2m(n)-fc(n) is near dA. Since the restriction of G on 
OA is a homeomorphism, it follows from (|42p that there is some c G fie H dA 
such that both z' and Zm(n)-fe(n) belong to a small neighborhood of c. Let 
T(n) = TO(n) — fc(ri). The first case is now separated into two subcases (i) and 

(ii). 

In subcase (i), |a — 6| is small compared with |&— c|. Then the angle between 
the straight segment [c, z'] and the unit circle is small. It follows that the angle 
between the straight segment [c, 2;^(„)] and the unit circle can not be small(in 
this case, it is at least about vr/ (2m + 1) where 2m + 1 > 3 is the degree of G 
at c, see Figure 12). 

In subcase (ii), there is a uniform < fc < 1 such that |a — &| > k\c — b\. 
See Figure 13 for an illustration. Since G{z) is like G(c) + /i(z — c)^'"+^ in 
Br{c), where fi is some constant, it follows that when r is small, 

|C- Zr{n)\ ^ \c- z'\. 

Note that if the angle between the straight segment [c, Zr{n)] and the unit circle 
were small, there would be an arc segment J' C i9A such that Zr(n) G Hd{J'), 
and 

(43) \J'\ « |c-z,(„)| X \c~z'\ ^ |c-6| ^ |J|. 

From and Lemma [3.71 we have 

cr(j') < ct(J) = a{Im{n)) 

provided that |J'| is small enough. But this contradicts with the minimal 
property of m(n). 
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In the second case, Jm-i contains a critical value v — G{c) with c G 
flc n 9A, and Zm(n)-Af+i G Hd'{JM-i)- As in the first case, as n is large, 
(t(Ja/_i) = (j{Ira(n)) IS Small, and therefore, Zjn(n)-M+i is close to 9A. It 
follows that m(n) — M + 1 is large provided rt is large. Let T(n) = m{n) — M . 
Now we claim that the angle between the segment of [zr(n)+ii and the unit 
circle 9A must have a positive lower bound, which is independent of n. In 
fact, if this were not true, by Lemma [3781 we would have a J C 9A small such 
that 

e Hd{J) 

but 

cr(J) < cr(JA/-l) = cr(/„(„)). 

But this contradicts with the minimal property of m(rt) and the claim is 
proved. From the claim, it follows that [zi-(„),c] and the unit circle has a 
uniform lower bound e > 0, which is independent of n. 

Now we get a sequence of integers r(n) such that the angle between 9A 
and [c, has a positive lower bound independent of n. Since {T(n)} is 

unbounded by the proof above, we may assume that T{n) is an increasing 
sequence by taking a subsequence. This completes the proof of the lemma. 

□ 

3.5. Pull back argument. For a subset X C rj*, we use Diamji, (X) to 
denote the diameter of X with respect to the hyperbolic metric dp, of fi*. 
For any subset E of the complex plane, we use area(i5^), and Diam(£') to 
denote the area and the diameter of E with respect to the Euclidean metric 
respectively. Let {T(n)} be the sequence obtained in Lemma [3.121 

Lemma 3.13. There exist Ki^ > independent of n, such that for 

every n large enough, there are open simply connected domains C" C i?" C 
A" C 51, satisfying 

2. G(C") C A, 

3. mod (A" - B") > i^i, 

4. area{C")/Diam{B'')^ > K2, 

5. dnJA") < K3. 

Proof. Assume d{zT(n), 9 A) is small enough. Let 2m + 1 be the local degree 
of G at c where m > 1 is some integer. As in the proof of Lemma I3.12[ for 
r > small, there are m + I domains which are attached to c and contained 
in Br{c) and which are mapped into the outside of the unit disk. There are 
two of such domains which are tangent with the unit disk at c. To fix the 
discussions, let us assume that ZT(n) lies in one of these two domains, say 
U. All the other cases can be treated in the same way. We also know that 
there are m domains, which arc contained in Br{c) and attached to c from the 
outside of the unit disk, and which are mapped into the inside of the unit disk. 
Let V be one of these domains such that V is adjacent to U . Let L and R be 
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Figure 14. Construction of (yl„, i3„, C„, Zt-(„)) 

the two half rays which are tangent with U at c. In a small neighborhood of 
-2^r(n)j dU is approximately the union of two straight segments starting from c 
and which lie on R and L, respectively. To simplify the notation, we still use 
R and L to denote them. Suppose that the angle between R and L is an. Let 
T be the straight segment between R and L and which is on the boundary of 
r2^j,(see Figure 14). By assumption, the angle between T and L is en where 
< e < a < ^. For convenience, we use the polar coordinate system formed 
by (c, L). by Lemma 13. 121 ZT(n) & therefore, we have 

for some e < A < a and < tq < r. Now let A" be the region bounded by 

ieTT < 6* < (a + 2e)7r, 

and 

ro/2 < r < 3ro/2. 
Let be the region bounded by 

—en < < {a + e)n, 

and 

3ro/4 <r < 5ro/4. 

Let C" = B O V. It is not difficult to check that for the domains defined 
above, there are constants i^i > 0, 1 < i < 3 such that the conditions in the 
Lemma are all satisfied. We leave the details to the reader. □ 

Let us prove Theorem B now. By taking n large enough, we may assume 
that A" nPc = 9. Now let us consider the pull back of {A", B",C", z^(„)) 
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along the orbit {zfe}. For < / < T(n), let us denote the connected component 
of G'^'^'^") (A") containing z; by A^. Then Aq is the connected component 
of G^^'^"-'(A") which contains zq, and ^"(j.) is the connected component of 
QT(k)-T{n)^ns^ which contains Zr(k) ioT 1 < k < n. We use and 
to denote the subdomains of Aq which are the pull backs of and C" by 
G-^("^ It follows that CS C c A^. 

Since G~^ contracts the hyperbolic metric in fi,, we have for all < Z < 
T(n), 

(44) DiamnAA")<K3 

where is the constant in (5) of Lemma 3.12. 

By Lemma [3.121 there is an TVq > such that when k > Nq, Zr(k) ^ ^tr 
for some c E ilc H dA. Since Zk OA and T(fc) oo, by (|44|) . there is an 
A^i and an < < 1 such that for all k > Ni, 

(45) c n'^,^,. 

From Lemma [3.31 and (|45)) . it follows that there is a 5 > independent of n 
such that for every k with max{A^o, Ni} < k < n, 

(46) Dtamn, (A^^^,^) < (1 - 6)Dtamn, (A;\fe)+i). 

Since {T(fc)} is an infinite sequence, by (|46p . it follows that as n ^ oo, 
Diam{AQ) and hence Diam{BQ) — > as rt ^ oo. On the other hand, 
by (3), (4) of Lemma [3.131 and Koebe's distortion theorem, we get a constant 
< G < oo such that for all n large enough, the following conditions hold: 

1. Zq £ Bq, and 

2. C'q' C Bl}, and 

3. areaCS > Cdiam{BJ^f 

By (2) of Lemma [313 C*? C U^o G"''(A). This imphcs that zq is not a 
Lebesgue point of Jq , which is a contradiction. The proof of the zero measure 
statement of Theorem B is completed. 

Now let us prove the rigidity statement of Theorem B. 

Lemma 3.14. Let f G Rg°^ and suppose that f has no Thurston obstructions 
outside the rotation disk, and is realized by two maps g,h € Rg'^°"^ . Then 
there exist two quasiconformal homeomorphisms of the sphere (pi and (f)2 such 
that 

1. 01 and (j)2 are combinatorially equivalent to each other rel Pg, and 

2. 4>i\Dg — 4>2\Dg are holomorphic on the Siegel disk, and 

3. For each super- attracting periodic point x of g, there is a neighborhood 
of X, say Ux, such that (f)i\Ux — 4'2\Ux are holomorphic, and 

4. g = (f>^ o ho (f)2- 

The proof is easy and we leave the details to the reader. 
Now for fc > 2, since g and h are combinatorially equivalent, we can lift (/>fe 
by the equation 

g = 4>k^ oho 0fc+i. 
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and get (j)k+i- In this way we get a sequence of quasiconformal homeomor- 
phisms {(pk} of the sphere such that (pklPg = (pk+ilPg for all fc > 1. Let jik 
be the dilation of (j)k- Since both g and h are rational maps, it follows that 
llMfclloo < ^ < 1 where K is some constant independent of k. Since any peri- 
odic Fatou component of g must either be the Siegel disk, or a super-attracting 
periodic Fatou component, it follows that /ifc — > on the Fatou set of g. Since 
the Julia set of g has zero Lebesgue measure, and (l)k\Pg = (j^k+ilPg for all 
fc > 1, it follows that (j)k converges to the same Mobius map. We complete 
the proof of Theorem B. 

4. Quadratic Rational Maps with Bounded Type Siegel Disks 

4.1. Quadratic Siegel Rational Maps. Let g he a. quadratic rational map 
which has a bounded type Siegel disk. Up to a Mobius conjugation, we may 
assume that the center of the Siegel disk is at the origin and g{oo) = oo. Then 
g has the following normalized form, 



(47) g{z) 



bz + 1 



From Riemann-Huiwitz formula, it follows that any quadratic rational map 
has exactly two distinct critical points. Through a Mobius conjugation, we 
may further assume that 1 is one of the critical points of g, that is, g'{l) = 0. 
By a simple calculation, this is equivalent to 

(48) a{b + 2) + e^'^''^ = 



Let us denote the other critical point of g, which is different from 1, by c. 



g- 

Lemma 4.1. Let E be the space of all the normalized quadratic Siegel rational 
maps g such that g{0) = 0, 5(00) = 00, and g'{l) = 0. Then the map 
p : g Cg is a homeomorphism between E and C — {0, 1, —1}. 

Proof. Since g'{0) — e'^^^^ and the two critical points of g must be distinct 
from each other, it follows that Cg ^ 0,1. By a simple calculation, we get 

From (j49|) and ^'(l) = g'{cg) — 0, it follows that 1 and Cg are the two roots 
of the quadratic polynomial equation 

(50) abz'^ + 2az + e^"^ = 0. 

This implies that Cg 7^ —1. In fact, if Cg — —1, we have 2/6 = —(1 + Cg) ~ 0, 
and hence b = 00. This is a contradiction. 

Now for Cg 7^ 0,1, and —1, we can solve a = — e^^*^(l -t- Cg)/2cg and 
& = — 2/(l + Cg). Therefore, g is uniquely determined by Cg, and we have 

-e^"^(l+cg)^.^ + 2e^"%(l + cg)z 

-4CgZ-^2Cg(l-|-Cg) 
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Figure 15. Combinatorics of ft € Rf"" for < t < 27r 

In particular, as Cg — > oo, a — > — e^'^*^/2, 6^0 and hence g{z) —e^'^*^ 2:^/2+ 
g27rie_2, ^ ^^(2;) g s. The lemma follows. 

□ 

Now for each c e C — {0, 1, —1}, we use Qc to denote the normalized qua- 
dratic Siegel rational map which has 1 and c as its critical points. 

4.2. Branched Covering Maps ft e Rf". 

4.2.1. Branched covering maps ft and Siegel rational maps gc{t)- In this sec- 
tion, we will construct a family of topological branched covering maps ft € 
< t < 27r. This family of topological branched covering maps will pro- 
vide models of a continuous family of quadratic Siegel rational maps gc{t) S 
j^geom ^ < t < 27r, whcic c(t), < f < 27r is a continuous curve in the critical 
parameter plane. Later we will see that this curve plays a fundamental role 
in the proof of Theorem C. 

Definition of ft. For each < t < 2^, let c G dA such that the angle 

spanned by 1 and c is t. Let rji, 772 he two curve segments connecting 1 and 
c as indicated in Figure 15. Let Di be the domain bounded by rji and the 
arc from 1 to c, anticlockwise, and D2 denote the domain bounded by r}\ 
and ?72 . Let D3 denote the domain which contains the infinity and which is 
bounded by r]2 and the arc from c to 1, anticlockwise. Let ft G 7?^°^ be a 
topological branched covering map defined as follows: {ft\A){z) = e^'^^^z, and 
ft ■ F>i ^ S^ — A,D2 — > A,£>3 — > 5^ — A are all homeomorphisms. Moreover, 
/t(oo) = 00. 
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Figure 16. Combinatorics of G i?f °™ for < t < 27r 

Definition of f2n-f For each < t < 2^, let c G dA such that the angle 

spanned by 1 and c is t. Let 771, 772 he two curve segments connecting 1 
and c as indicated in Figure 16. Let Di denote the domain bounded by rji 
and the arc from 1 to c anticlockwise. Let D2 denote the domain bounded 
by 771 and 772. Let D3 denote the dom,a,in bounded by 7^2 and the arc from 
c to 1 anticlockwise. Define f^Tr-t as follows: (/27r-f |A(0) = e^'^*^z, and 
f2v-t '■ D2 A, £>i 5^ — A, £>3 — > S'^ — A are all homeomorphisms. 
Moreover, /27r-t(oo) = 00. 

Since any simple cfosed curve 7 C 5*^ — A is peripheral, it follows that /*(/*) 
has no Thurston obstructions outside the rotation disk A for all < t < 27r. 
By Theorem A and Theorem B, we have 

Lemma 4.2. For each <t < 2tt, there is a unique c{t)(c{t)) G C— {0, 1,-1} 
such that gc{t){9c{t)) realizes ft{ft) in the sense that 

ft = 4>~^ o 9c(t) o i>{It = <P^^ ° gc{t) o ip) 

where </> and^p : 5^ — > S"^ are homeomorphisms which fix 0, 1, and the infinity, 
and are isotopic to each other rel Pf . 

Inner angle between the two critical points. Let gc G Rg^°"^ and D be the 
Siegel disk of gc centered at the origin such that dD passes through both the 
two critical points 1 and c. Let (j) : D A he the holomorphic map which 
conjugates gc\D to the rigid rotation Rg on A. Since dD is a quasi-circle, it 
follows that ^ can be homeomorphically extended to dD dA. We use Ac 
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to denote the angle from 0(1) to (/){c) anticlockwise. We call it the inner angle 
between 1 and c. 

Remark 4.1. Let gc G Rq''°™ such that both of the critical points of gc are on 
the boundary of the Siegel disk. Suppose that the inner angle between 1 and c 
is t. Let Dc be the Siegel disk of gc- Then gc realizes ft for some < t < 27t in 
the sense of Lemma \4-.2\ if and only if the boundary of the bounded component 
of g^^{S^ — Dc) contains the part of the boundary of Dc, which connects 1 
to c anticlockwise. By contrary, gc realizes ft for some < t < 2TT in the 
sense of Lemma \4-.S\ if and only if the boundary of the bounded component of 
g^^{S^ — Dc) contains the boundary arc of the Siegel disk, which connects 1 
to c clockwise. 

4.2.2. Some basic facts about ft. It is useful to find the Mobius transforma- 
tions which conjugate a normalized quadratic Siegel rational map to an an- 
other normalized one. Let gc be a normalized quadratic Siegel rational map 
given by (|47|) . There are two cases. 

In the first case, gc has exactly two fixed points and oo. By a simple 
calculation, this is equivalent to that Cg is one of the two roots of the following 
equation, 

c2 + (4e-2"e^2)c+l = 0. 

It follows that in this case, there are exactly two normalized quadratic Siegel 
rational maps which have exactly two fixed points and oo, and which are 
conjugate to each other hy z ^ z/cg. 

In the second case, gc has exactly three distinct fixed points 0, oo, and some 
complex value p. Let be a Mobius transformation such that (j) o g^ o 
has the normalized form. Then (p is determined by one of the following four 
conditions, 

1. (p — id. 

2. 0(0) = 0, 0(1) = 1, and 0(p) = oo, 

3. 0(z) = Z/Cg, 

4. 0(0) = 0, 0(cg) = 1, and 0(p) = oo. 

Let us collect some basic facts about the topological branched covering 
maps ft, < t < 2tt, which can be easily seen from Figure 15 and 16. The 
rigorous proofs of these facts are not difficult and shall be left to the reader. 

Fact 1. Let < t < 27r. Suppose that gc(t) G Rg'^"™' realizes ft- Then gc(t) 
has exactly three distinct fixed points, 0, oo, and p. 

Fact 2. Let gc{t} G Rg*^""^ realizes the topological branched covering map ft 
for < t < 27r. Then gc(t) is conjugate to gc(t) by the Mobius map determined 
by (2) above. 

Fact 3. By just exchanging the positions of 1 and c in Figure 15, with all 
the other topological data being fixed, we will get an another new topological 
branched covering map in Rg°^ indicated by Figure 16. This new topological 
branched covering map models the Siegel rational map gi(2n-t) G Rg'^°^^. It 
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is clear that the maps gc(2TT~t) and gc(t) are conjugate to each other by the 
Mobius map determined by the condition (3). 

Fact 4. If we compose the last two conjugations in either order(that is, 
we may first change ft to ft, and then exchange the positions of 1 and c in 
ft and finally get f2-K~t, or we first exchange the positions of I and c in ft 
and get /27r-t and then change it to /27r-t), we will get the same topological 
branched covering map f2-K-t G which models the Siegel rational map 
5c(27r-t) G Rg'^°™ ■ It follows that gc(2TT-t) is conjugate to gc(t) by the Mobius 
map determined by the condition (4). 

4.3. A Distortion Lemma. For each < t < 27r, suppose that ft is realized 
by a Siegel rational map g^^t) G Rg"^""^- By Lemma 13. 1[ there is a Blaschke 
product, say Gt, which models gc{t)- The main purpose of this section is to 
prove 

Lemma 4.3. There is a constant 1 < K < oo which depends only on 9 such 
that for every Siegel rational map in Rg"^"™ which is modeled by ft for some 
< t < 2tt, the boundary of the Siegel disk is a K — quasi- circle. 

In the procedure of the quasiconformal surgery in §2.5.2, if we just take H 
to be the Douady-Earle extension of h and do not require that H{0) = 0, then 
by the conformal natural property of Douady-Earle extension, we can reduce 
Lemma H31 to the following lemma. For < t < 2tt, let ht : 9A dA be the 
quasisymmetric homeomorphism such that ht{l) — 1 and 

Gt\dA ^htoRgo h^K 

Lemma 4.4. There is a uniform 1 < K < oo, such that for every < t < 27r, 
there is a Mobius map at which fixes 1 and maps the unit circle to itself 
with orientation preserved, such that the map at o ht is a K — quasisymmetric 
homeomorphism. 

Remark 4.2. Let d > 3 be an integer and < 6 < 1 be a bounded type 
irrational number. Let denote the family of all the Blaschke products such 
that the restriction of every B G B^ to the unit circle is a critical circle home- 
omorphism of rotation number 0. By using Buff-Cheritat's Relative Schwartz 
lemma, it was recently proved that the above bound K actually exists for all 
the maps in B^ and K depends only on 9 and (i|34j . 

Sublemma 1. There exist Q < 5q < 2n and < eg < 27r such that for any 
< t < 2n, there exist four distinct points Xi,X2,x^,Xi G dA and a Mobius 
map at which maps the unit circle to itself and preserves the orientation, such 
that the arc length of each component of dA — {xi,X2,X3,Xi\ is > Sq, and the 
arc length of each component of d A — {t^ {xi),Tj~ {x2),t^ {xz),t^ [x^)} is 
> eo; where Tt = at o ht. 

Proof. Take / large enough such that {19} < tt/2, where {•} is used to denote 
the fraction part of a number. Let / be an arc segment with minimal arc 
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length such that \h^ = {10}- Let L and R be the two adjacent arc 

segments of / on T such that 

\hi\L)\^\h-\R)\^{W}. 

We now claim that there exists an 1 < Af < oo which does not depend on t 
such that one of the following two inequalities hold: 

\L\ < M\I\ or \R\ < M\I\. 

Let us prove the claim now. Assume that it is not true. Then there is a 
sequence i„ £ (0, 27r) such that for each n, there exist three adjacent intervals 
Ln , In and i?„ in T so that 

(52) \K^\Ln)\ = \K^\ln)\ = \K;^{Rn)\ = {10} , 

but both of the above two inequalities do not hold. By passing to a subse- 
quence, we may assume that |i?n|/|/„| oo and |L„|/|/„| oo. Take n large 
enough. Let Ilt^ be the set of the critical points of Gt„ ■ Let 

X„ = C - ((9A - (i?„ U L„)) U y GlilltJ), 

i<i<i 

and 

It follows that 

is a holomorphic covering map. 

Since /„ has a large space around it in L„U/„Ui?„, it follows that there is a 
short simple closed geodesic 7„ C X„ which separates /„ and 9A— L„U/„Ui?„. 
We thus get that ||7„||x„ as n oo. Let ^„ denote the component of 
G^'(7„) which intersects the unit circle. It follows that ^„ is also a short 
simple closed geodesic, which is symmetric about the unit circle. Moreover, 
||Cn||v„ — > as n ^ oo. Most importantly, by ([52|l . it follows that 

and therefore the geodesic ^„ separates L„ and i?„. But since c» 
and |L„|/|/„| oo, it follows that the length of any simple closed geodesic 
which separates L„ and i?„ has a positive lower bound. This is a contradiction 
and the claim has been proved. 

Now we may assume that \L\ < M|/|(the case that \R\ < M\I\ can be 
treated in the same way). Let 

S = dA^ LU lU R. 

By the choice of / and /, it follows that \h^^{S)\ > {19} and hence \S\ > \I\. 
Let z g A be the point which lies in the straight line which passes through the 
origin and the middle point of I such that d{z,I) = \I\. Define the Mobius 
map at such that at{l) = 1, crt{z) = and crt{T) = T. Let ti,t2,t^ and 
ti be the end points of the interval of L, I and R. Let xi,X2tX^ and 
be the images of ii,t2,t3 and under the map at. It follows that there is 
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a uniform (5o > such that each component of dA — {xi, a;2, xg, 2:4} has arc 
length > (5o(To get this, one can consider the cross ratio of the four end points 
of the intervals L, I, R, and S. Use the fact that |J| < \L\ < M\I\, \I\ < \R\, 
and |/| < |5| and that Mobius maps preserve cross ratios). Let Tt = at o ht- 
Then the arc length of each component of 

dA - {ri\xr),ri\x2),Ti\xs),ri\x4)} 

is > eo = {^6}- The proof of Sublemma 1 is completed. 

□ 

To simplify the notations, in the following wo use Gt and ht instead of 
at o Gt o at^ and at o ht, and assume that there exist < Sq < 2n and 
< eo < 27r such that for any < t < 27r, there exist four distinct points 
xi, X2, X/^ € dA such that the arc length of each component of dA — 
{xi,X2,X3,X4} is > 60, and the arc length of each component of dA — 
{ht^ixi),ht^{x2), h^^{x3),h^^{x4)} is > eo, where ht : dA — > dA is the qua- 
sisymmetric homeomorphism such that ht{l) = 1 and Gt\dA = ht o o h^^ . 

Let J C / C T such that both the components of / — J, say R and L, are 
non-trivial arc segments. Define 

Gil, J) 



\m\ 

The value G{I, J) measures the space around J in I. Let 

X = C- {dA- RUL). 

Let 7 C X be the simple closed geodesic which separates J and dA — I. The 
proof of the following lemma is direct, and we shall leave the details to the 

reader: 

Sublemma 2. Let S,G > 0. Then there exists a X{6, C) > dependent only 
on S and C such that if \dA — /| > ^ and ||7||x < G, then G{I, J) < X{6, G). 
Moreover, if \dA -I\>5 and G{I, J) < G, then \\'y\\x < X{5, G). 

Remark 4.3. Sublemma 2 implies thai the existence of the upper hound of the 
length of the simple closed geodesic which separates J and dA — I is equivalent 
to the existence of some definite space around J inside I provided that dA — I 
is not too sm,all. 

Given a collection of arc segments 

J={/'= c5A,fce A}, 

the intersection multiplicity of X is defined to be the largest integer n > 
such that there exist n distinct arc segments in I whose intersection is not 
empty. 

For an arc segment / C dA, we use It C dA to denote the component of 
Gt^{I) which lies in the unit circle. In particular, /° = I. 
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Lemma 4.5. For each K > 0, I > 1 and p > 0, there is a constant X{K, I, p) > 
, which is independent of t, such that for any arc segments M CT C dA, 
if the following three conditions are satisfied, 

1. C(T,M) < K, 

2. the intersection multiplicity of {T^, i = 0,1, - ■■ , N} is less than I, 

3. \dA - Ti\ > p forO<i<N, 
then C{Tl^,M^) < X{K,l,p). 

Proof. Let M C T C dA. Let cj,i = 1,2 be the two critical points and 
vl,i = 1,2 the two critical values of Gt. For a given < fc < n, there are two 
cases. 

In the first case, T/^ contains some critical value of Gt. Set 

Ak = {dA - t!^) u u (r,'^ n {viy,}), 

and 

Bk = {dA-T^)^Mt 
Now let us consider the following three hyperbolic Riemann surfaces, 

(53) Xfc = Pi - Ak, 

(54) n = - Bk, 
and 

(55) Zfc =pi-Gr'(Afe). 

By the assumption that G{T,M) < K and \dA -T\> p, it follows from 
Sublemma 2 that there is a simple closed geodesic in Yq which separates M 
and dA — T whose hyperbolic length has an upper bound which depends only 
on K. 

Since Yk — Xk c {vl,v^} is a finite set, it follows that there is a uniform 

constant 1 < C < oo such that for the simple closed geodesic ^ C Yfe, there 
is a simple closed geodesic ^' C which is homotopy to ^ in Y^, such that 
Ix,{£.')<CIy,{0- 

Let ?7 C Yfe be the simple closed geodesic which separates and dA — T^. 
Take a simple closed geodesic ri' C X}~ such that rj' is homotopy to r] in 
and such that Ix^, {v') < C'^y^ (v) where C > is the uniform constant above. 
Let rj" be the simple closed geodesic in Zk which separates dA — +^ and 
M^'^^ such that the image of rj" under Gt covers r/'. Since 

Gt : Zk ^ Xk 

is a holomorphic covering map of degree 3, it follows that Izkiv") ^ (??')• 
Therefore, we have 

(56) Iy,+, iv") < Iz, iv") < iv') < ^Cly, {rj). 

In the second case, docs not contain any critical value of Gt- Let 77 C Yfe 
be a simple closed geodesic which separates and dA — T^. It follows that 
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there is a simple closed geodesic 77' C Zu which separates 9A — and 



M/'+^ such that the image of 77' under Gt covers 77 exactly one time. It follows 
that 

(57) Iy,^Av')<Iz,{v') = WM- 

Since the intersection multiplicity of {T/^} is I, and Gt has only two critical 
values, it follows that, when k runs through 0, 1, • • • , iV— 1, case 1 can happen 
at most 21 times. Therefore, there is a simple closed geodesic which separates 
<9A - Tj^ and M^^ whose length has an upper bound dependent only on K 
and I. Note that |9A — Tf\ > p. The lemma then follows from Sublemma 2 
and Remark □ 



Let / = [a,b] C dA. We use \a — b\ or |/| to denote the Euclidean length 
of the arc /. For K > 1, we say two intervals I, J C dA are iiT— comparable 
if < |/|/|J| < K. Let pn/qn,n = 1,2, • • • be the convergents of 9. 

Lemma 4.6. There is a constant K > 1 which is only dependent on 9 such 
that for all < t < 27r, z G dA and n > I, the following two inequalities hold, 

and 

The idea of the proof is taken from §3 of [5]. 

Proof. Let M be an integer such that 

\h;\x)-h-\Grix))\<eo/3 

holds for all n > M and < t < 27r where eq is the number in Sublemma 1. It 
is sufficient to prove that there is a if > 1 such that the above two inequality 
hold for all 71 > M and < t < 2tt. The case for n < M then follows by 
noting the fact that 9 is of bounded type. 

Take x G dA such that it attains the minimum of \Gf''{y) — y\. Then 
[x,Gf"{x)] has a definite space around it inside [Gjr''"(x), G'('"(a:)]. Let 
M = [x,G'{"{x)] and T = [Gt'^''{x),Gt'^^{x)]. Since 9 is of bounded type, the 
intersection multiplicity for < k < 5q„} has a uniform upper bound 

dependent only on 9. Applying Lemma 14.51 to the intervals M C T and 
N — q„, 2g„, 3(7„, 4(7„, and 5(7„, respectively. Note that the multiplicity of 
the corresponding collection of intervals is bounded above by some constant 
dependent only on 9. It follows that the six intervals [G^^*" (a;), G^**^" (x)], 
[Gr'«"(x),Gr''"(x)], [Gr'*"(x),Gr''"(x)], {G','"^-{x)^G-,'^-{x% {G-,'^-{x)A 
and [x, Gj" (a;)] are L— comparable with each other, where L is a constant de- 
pendent only on 9. Let I be the minimum of the length of these six intervals. 

For any z E dA, it follows from the property of the closed returns that 
there is an < i < 2qn+i such that Gj(z) e [G'^"^" {x),G~^'''^ (x)]. 



60 



GAOFEI ZHANG 



Let US prove ([58|) first. There are two cases. In the first case, there is some 
1 < j < 3 such that [G'j+^''" (z), Gj+'^+^^''"(z)] has iength less than 1/2. Then 

has a definite space around it inside [Gj^''"' (z), Gj''"'"'^^''''" (z)]. Let 
M = [GJ+-''«"(z),G:+(^'+'^'"(z)] and T = [G;+(^"'^«" (z), G;+'^+')«" (z)]. 

Apply Lemma [4.51 to the intervals M C T and N — i + jqn- Again note that 
the multiplicity of the corresponding collection of intervals is bounded above 
by some constant dependent only on 9. We thus get a definite space around 
[z,G^(z)] inside [G^"'" (z), G^'^" (z)]. This proves ^ in the first case. 

In the second case, for each j = 1,2,3, [Gj'*'-"'" (z), Gj^^"'^^^''" (z)] has 
length not less than 1/2. It follows that the interval [G^"''^''" (z), Gj"'"'^*" (z)] 
has definite space around it inside the interval [Gj^'" (z), G^"'''''" (z)]. As be- 
fore, by applying Lemma [1751 we get a definite space around [z, Gj"(z)] inside 
[G^''" (z), Gf'^" (z)]. This proves ([55]) in the second case. 

Now let us prove (|59p . Let b — sup{afc} < oo where [ai, ■ ■ ■ , a„] is the 
continued fraction of 9. Note that [G^"^"^^ (z), z] C [Gl"{z),z], so from ([58)) . 
we have 

IG^+H^) - ^1 < KlGi'^^^'i.^) - ^1 < K\Gr{z) - z\, 
and this implies the right hand of ([5^]) . To prove the left hand. Note that 

[Gr(z),z]c U [Gr"+^(z),Gr^'+^)^-Hz)], 

0<i<& 

This implies that 

|Gr(z)-z|< J2 |Gr"^^(z)-Gr<^+^)«"+^(z)|. 

0<j<5 

Applying (|58)) again, we have 

|G7''"+^(z) - Gr^'+'^'"+'(^)| < if*+i|G?"+^(z) - z| 
for each < i < 6. Therefore, we get 

|G?"(z)-z|< ^ i^^+i|Gr^(z)-z|. 

0<i<6 

By modifying the value K, ([CT]) follows. 

□ 

It is the time to prove Lemma [4.41 

Proof. We need only to prove that there is an M > 1 dependent only on 9 
such that for any x G dA and < 5 < 2tt, the following inequality hold for 
all < i < 2tt, 

l_ \ht{x + 5)-ht{x)\ 
M ^ \ht{x - 6) - ht{x)\ ^ ■ 
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Now for given 6 and x, let us take fc > 1 to be the least integer such that 
one of the intervals [x — S, x] and [x, x + S] contains [G^**" (x), x] or [x, Gf' {x)]. 
Without loss of generality, Let us suppose [G^'^'' {x) , x] C [x ~ 5,x\. From 
the definition of fc, [x — 5,x\ C [GJ'*''"^ {x), x]. Since 6 is of bounded type, by 
Lemma l4!6l it follows that [G^'"' (a:), x] and [x — S, x] are L— comparable where 
1 < i < cx) is some constant dependent only on 9. On the other hand, by the 
definition of fc, we have [x, x + iJ] C [x, Gl'"^ (x)]. By Lemma l46l [x, Gf''^ {x)] 
and [G^'^^{x), x] are X— comparable for some 1 < K < oo dependent only on 
0. Therefore, \x, x + 6] and [x, Gl'^^^ {x)] are if i— comparable. So we have 

\Gf-'{x)-x\ < KLS. 

By Lemma 14.61 again, there is an e > dependent only on 6 such that 

\Grix)-x\>{l + e)\Gr^^x)-xl 

holds for all x G OA. Take Z > 1 to be the least integer such that KL < (1+e)'. 
It follows that I depends only on 9 and 

|G*-i(a;)-x| > (l + e)'|a;-G«'=+^'-i(x)|. 

It follows that [x, Gf +"'^' (x)] c[x,x + S]. We then get 

(60) [x, Gf^--^ (x)] c[x,x + d]c [x, Gf - (x)], 
and 

(61) [Gr'"=(x),x] C [x-5,x] C [G;'''-'{x),x]. 

Now for X e M, let {x} € (-1/2, 1/2) be the number such that x - {x} G Z. 
From ([60]) and (|6T|) . we have 

\{qk+2l-lO}\ < \ht{x + S)~ h{x)\ < \{qk-i9}\, 

and 

\{qkO}\ < \ht{x - S) - h{x)\ < \{qk-20}\, 
Now the lemma follows from the assumption that 9 is of bounded type. 

□ 

4.4. Quadratic Siegel Rational Maps Modeled by fa. In this section 
we will determine all the critical parameters c such that gc G and the 

boundary of the Siegel disk of gc passes through both of the critical points. 

Lemma 4.7. For < t < 2tt, let gc(t) be the Siegel rational map which 
realizes ft in the sense of Lemma \4-S\ Then c{t) is continuous in (0, 27r). 

Proof. Let tk t for some < t < 2tt. We first claim that the sequence 
{c(tfe)} is contained in some compact set of C — {0, 1, —1}. Let us prove the 
claim now. 

Note that for each < tfe < 27r, Pf^^ — 9A does not contain the infinity, 
and that the infinity is fixed by ft^. . Following the same steps in the proof 
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of Theorem A, we can construct a Blaschke product, say Gk, to model ft,^- 
Write 

fro\ r< f \ \ z-Pk z-qk 
(62) Gfe(z) = AfcZ- —- —, 

1 ~PkZ 1 - QkZ 

where |Afc| = 1 is some constant and \pk\ > 1, \qk\ < 1- In particular, by the 
construction, G'i^{l) = for all fc > 0. 

Let hk ■ dA — )■ dA be the quasi-symmetric homeomorphism such that 
hk{l) = 1 and 

Gk\dA = hko Rgo hk- 

Let Hk : A A be the Douady-Earle extension of hk- By Lemma l44l and the 
conformal natural property of Douady-Earle extension, there exists a uniform 
< i5 < 1 which depends only on M such that 

(Hk') 



sup 



iHk% 



< 5. 



Define 

Gk{z) 




for \z\ > 1, 
oH-^{z) forzeA. 

Now as in the proof of Theorem A, we can pull back the complex structure 
of H'^^ by Gk and get a Gfc— invariant complex structure jik on the whole 
sphere. Let 0fc be the quasiconformal homeomorphism of the sphere which 
solves the Beltrami equation given by Hk such that (^fc(l) = 1, 4>k{oo) = oo, 
and MO) = H{0). Then cj)-^ o Gk o (pk is a Siegel rational map in Rg''°"^ 
which realizes ft^. in the sense of Lemma 14.21 We thus have 



9c{tk) ^(f'k^ °(^k° (t)k- 

Since when |c| is large enough, gc has an attracting fixed point at the 
infinity, and when |c| is small enough, gc has an attracting fixed point at the 
origin, by passing to a convergent subsequence, we may assume that either 
c{tk) 1 or c(ifc) -1. 

First let us assume that c{tk) 1- From (|¥7)l and a direct calculation, 
it follows that 5c(tfc) ~* e"^"^ z uniformly in any compact set of the complex 
plane which does not contain 1. Let Dk denote the Siegel disk of gc(tk)- 
By Lemma 14.31 dDk is a _fC— quasi-circle for some uniform K . Therefore, 
Dk — !■ A in the Caratheodory sense. This implies that as /c — > oo, the inner 
angle between 1 and c{tk) either converges to or converges to 27r. This 
contradicts with the assumption that tk t for some < t < 27t. 

Now let us assume that c{tk) — > — 1. Let 

" bkZ + 1 ■ 

From ([50)l . we get 

ak ^ and 6^ — > oo 
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as c{tk) — > — 1. Let Pk be the fixed point of gc{t^) which is distinct from and 
the infinity. By a direct calculation, we have 

1 - e2^'« 

Pk = 

afc — Ok 

We thus have pk ^ as c{tk) — > — 1. 

Let ipk be the Mobius transformation which maps to 0, 1 to 1, and pk to 
the infinity. It follows that 

z{l-pk) 



Consider the map 
where 



z-pk 

^ , , (. C{tk){l-Pk) 

cytk) = Wk{c[tk)) - 



c{tk) ~ Pk 

Since pfc ^ as c{tk) —1, it follows that 

2(tfc) 1 

as c(tk) —> — 1. Since the conjugation map ipk preserves the inner angle, that 
is, the inner angle between 1 and c{tk) is the same as that between 1 and 
c(<fc) (Compare with Fact 2 in §4.2.2), from the conclusion we just obtained 
above, it follows that the inner angle between 1 and c{tk) either converges to 
or converges to 2-k also. We get a contradiction again. The claim has been 
proved. 

Now let us prove that the sequence {c(tfe)} is convergent. By passing to a 
subsequence, we may assume that c{tk) — * c G C — {0, 1, —1}. Since dDk is 
a if— quasi-circle for every k > 1, it follows that the boundary of the Siegel 
disk of gc is a quasi-circle also, and moreover, the inner angle between 1 and 
c is equal to 

lim tk = t. 

k — >oc 

Since g^^ — > g^ uniformly in any compact set of the complex plane, by Re- 
mark 14.11 it follows that g^ realizes ft in the sense of Lemma 14.21 Since such 
c must be unique by Theorem B, it follows that any convergent subsequence 
of c{tk) converges to the same limit. The lemma follows. □ 

Lemma 4.8. limf^o c(t) = 1 or —1. 

Proof. Let us prove it by contradiction. Since when |c| is large enough, gc 
has an attracting fixed point at the infinity, and when |c| is small enough, 
gc has an attracting fixed point at the origin, we may assume that there is a 
sequence tk ^ Q such that c(ifc) c for some c e C — {0, 1,-1}. Let and 
Dc(tk) denote respectively the Siegel disks of gc and gc(tk)^ which are centered 
at the origin. Since every dDc(t^) is a if —quasi-circle passing through 1 and 
c{tk) and c{tk) c, it follows that there is a 5 > such that 

BsiO) C Dc(^t,) 
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for all tk- Let p be such that gdp) = 0. Then there is a r > such that 

Brip) n = Br{p) H = 

for all tk- Let (j){z) = l/{z — p). Set 

Tk{z) = (f>o 9c{tk) ° <P^^ and r(z) ^ (jyog^o cj)'^^ . 

Denote the corresponding Siegel disks of and T by Dt^ and I?t, respec- 
tively. Clearly, as /c — > oo, ^ T uniformly with respect to the spherical 
metric, and moreover, there is a compact set E of the complex plane such that 
Dt C E and Dt^^ C E for all fc > 1. Since every 9I?f,(t^) is a if— quasi-circle 
for some uniform 1 < if < cxd by Lemma [4.31 it follows that every dDx^ is a 
if— quasi-circle. Let /i^ : A Drk be the univalent map such that /iJj(O) > 
and h'^^ o Tk o hk = Rq. Since dDTk is a uniform if — quasi-circle, by passing 
to a convergent subsequence, we may assume that hk uniformly converges to 
/i on A such that o T o h — Rg. This implies that ODt is a quasi-circle 
also and passes through both the two critical points of T. In particular, the 
inner angle of the two critical points of T must be or 27r, and therefore, the 
two critical points of T coincide. It follows that 1 = c. This is a contradiction 
and the lemma follows. 

□ 

Lemma 4.9. {limt^o c{t) ,\imt^2Tr c{t)} = {1,-1}. 

Proof. For < t < 27r, let c{t) be the critical parameter such that g£(^t) 
realizes ft in the sense of Lemma 14.21 Let pt be the fixed point of (7^(4) which 
is distinct from and the infinity. From Fact 2 in §4.2.2, it follows that the 
Mobius transformation 

{l~Pt)z 

(Pt[z) = 

z- Pt 

conjugates gt to g^^t)- By a direct calculation, we get 

, , , , (e2"» - 2)c(t) + e2"^ 
cit) = Mc(t)) = _,2...,(,) + 2 - e^-^^ ■ 

From Fact 3 in §4.2.2, it follows that the Mobius transformation 

Mz) = z/c{t) 
conjugates 35(4) to gc(2-K-t)- In particular, 
(63) c{2iT -t) = llc{t). 

By Lemma either limj^g c(t) = 1, or lim^^o c{t) = —1. If limt^g c(t) = 1, 
then 

lim c(t) = lim c(2tt — t) ~ lim l/c(t) = lim , „ .„ — — tt-tt = ^ 1- 

t^27r ^ ' t^o ^ ' t^o ' ^ ' t^o (e2"» - 2)c{t) + e^""'" 

If limt^o c(^) = — 1, then 

_g27I•i6>^/^^ _|_ 2 _ e^'"*^ 
lim c(t) — lim c(27r — = lim l/c(t) = lim , ^ .„ ^ — — tt—k — 1- 

t-27r ^ ' t~,o ^ ' t~,o ' ^ ' t^o (e2"S - 2)c(t) + e^""-^ 
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Figure 17. Critical parameters determined by ft and ft for 
<t <2n 



Lemma 14.91 follows. 



□ 



From Lemma 14.71 and Lemma [4.91 it follows that c{t),0 < < < 27r is a 
continuous curve segment which does not intersect with itself and which con- 
nects 1 and —1. By using the same argument, the same conclusion can be 
derived for the curve c{t),0 < t < 2n. Let 7 — {c(t)|0 < t < 2n} and 
y = {c(t)|0 <t< 2tt} = {l/c(t)|0 < t < 27r}. It is clear that except the two 
end points, 7 does not intersect 7'(This is simply because for < t,t' < 2tt, 
gc{t) and gc{t') realize different topological models, which are indicated by 
Figure 15 and Figure 16, respectively). It follows that 



is a simple closed curve. From the map c 1/c preserves the curve ^ 
but reverses its orientation. It follows that ^ separates and the infinity. We 
summarize these as follows: 

Lemma 4.10. The curve ^ = 7 U 7' U {1, — 1} is a simple closed curve which 
separates and the infinity. Moreover, ^ is invariant under the map z — > 1/z. 

4.5. Quadratic Siegel Rational Maps with One Finite Critical Orbit. 

In this section, we consider all those quadratic rational maps which have a 
fixed Siegel disk of rotation number and a critical point with finite forward 
orbit. The aim of this section is to show that such Siegel rational maps belong 
to Rg'^""^ . That is, for any such map, the another critical point must lie in 
the boundary of the Siegel disk which is a quasi-circle. Before we state the 
result, let us introduce some notations first. 

Let < TO < n be integers and i G C. Let us define „ to be the set of 
all the quadratic rational maps g such that 



e = 7U7'u{l,-l} 




66 



GAOFEI ZHANG 



4. g'iO) = s 
section is as follows. 



Recall that A = e'^'^"^. Define i?^ „ = „ n i?f The main resuh of this 



Lemma 4.11. „ = i?f„ „. 

Before the proof of Lemma [4.111 let us prove a few lemmas. 

Lemma 4.12. Let < m < n be two integers. Then for any e > 0, there is 
some < |s| < 1, such that for any quadratic rational map gc £ there 
is a quadratic rational map g G „ such that d{g,gc) < £■ 

Proof. For s 7^ 0, and t ^ 0,1, —1, consider the function 

, , , . a{s,t)z'^ + sz 

64 Fs,t[z) = 

b{s, t)z + 1 

where a{s,t) = ~s{l + t)/2t and b{s,t) = -2/(1 + <). It follows that ^^ ((O) = 
s, and F^ f_{l) = F^j.{t) = 0. There are three cases. 

Case 1. c 7^ 00, and g^{c) = g^ic) 7^ oo- It is clear that F\^c{z) = 
gc{z). It follows that there is an open neighborhood of A, say U , and an open 
neighborhood of c, say V , such that both the functions F"f.{t) and F™^{t) are 
holomorphic for (s,t) (Iz U xV. In particular, by taking V smaller, we can 
assume that as s ^ A, F^'^it) -> F;;^{t) and i^t^*) uniformly for 

t G V. Since F'^^{t) — F™^(t) has a zero at c G V^, it follows from Rouche 
theorem that for every small r > 0, there is a (5 > 0, such that for every 
s G Bs{\), there is a point Cs G Br{c) such that F^^^^{cs) — F^^^{cs) — 0. 
Since |A| = 1, for any s close to A with \s\ < 1, one can take Cg close to c 
such that F"^ (cs) — FJ^ (cg) = 0. The lemma in this case follows by taking 
g{z) = Fs^cSz)- 

Case 2. c 7^ 00, 5' (c) = 00 for some 1 < I < m. We may assume that / is 
the least positive integer such that .g^(c) = 00. From it follows that 

fe(A,c)g^i(c) + l = 0. 

Then instead of considering the function (t) — F™^ (t) , this time we consider 
the function b{s,t)F!,^^{t) + 1. The lemma in this case then follows by using 
the same argument as in the proof of the first case. The reader shall have no 
difficulty to supply the details. 

Case 3. c = 00. In this case, just take g — sgc where s is any number close 
enough to A with \s\ < 1. 

a 

Lemma 4.13. Let < |s| < 1. Then every f G „ has exactly three 
distinct fixed points 0, 00 and some complex value p. 

Proof. In fact, if this were not true, then the infinity would be a double root of 
f{z) — z and hence a parabolic fixed point of /. Therefore, one of the forward 
critical orbit approaches to the infinity and the other one approaches to the 
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origin. This is a contradiction with the assumption that /™(c) — f^{c) for 
some < m < n. The lemma follows. □ 

Lemma 4.14. Let < |s| < 1. Then for every f E ^mn; conformal 
equivalent class [/] of f contains exactly two elements in „ . 

Proof. Let g £ [/] such that g ^ f ■ Assume that g = cj) o f o (j>~^ for some 
Mobius map (p. Let p 7^ 0, oo be the fixed point of /. Since g™(c) = g"'{c), 
it follows that g has exactly one non-repelling fixed point which is the origin. 
This implies that the forward orbit {^'^(l)} is the only infinite critical orbit of 
g. Therefore, we get 0(0) = and 0(1) — 1. Now let 0, 00, q be the three fixed 
points of g. It follows that {(j>{oo), (j){p)} — {00, q}. Note that 0(oo) 7^ 00, for 
otherwise cj) — id and hence g — f , which contradicts with the assumption that 
g ^ f ■ It follows that (pij)) — 00. This implies that is uniquely determined 
by / and the lemma follows. □ 

By using the same argument as in the proof of Lemma 14.131 one can show 
that every / £ „ also has three distinct fixed points. Then using the same 
argument as in the proof of Lemma 14.141 one has 

Lemma 4.15. For every f £ R^^ „, the conformal equivalent class [/] of f 
contains exactly two elements in „ . 

For \s\ < 1, let Rs be the set which consists of all the quadratic rational 
maps / such that /(O) = and f'{0) = s. For each / £ Rs, the map 
/ restricted to a suitable neighborhood of its Julia set is polynomial-like of 
quadratic with connected Julia set and hence is hybrid equivalent to a unique 
quadratic polynomial z"^ + c for some c £ M where M is the Mandelbrot set. 
This induces a homeomorphism between the set of the conformal equivalent 
classes of Rs, say Ms, and the Mandelbrot set M(see [10], or the proof of 
Lemma 8.5, [13). Let Qm,n be the set of all the quadratics qdz) — + c 
such that q^{0) = (0)- I* follows from Lemma l4T4l that 

Lemma 4.16. For < |s| < 1 and any integers < m < n, |^^„| = 

2 1 Qm,n I ■ 

Now let us prove Lemma [4. Ill 

Proof. It suffices to show that \Z^ ,^\ < | By Lemma 14.121 we have 
^ \^m,n\ fo^' somc < |s| < 1. Notc that cach element / in Qm,n 
induces a topological branched covering map / in Rg°^ by topologically mat- 
ing itself with 2^ -I- Az(for one way of the construction of such mating, see 
§7 of [H]). Clearly, the resulted map / has no Thurston obstructions out- 
side the rotation disk. Moreover, if /i,/2 are two different elements in Qm,n, 
then the two maps /i,/2 in Rg°^ induced by /i and /2 belong to different 
combinatorial classes. This, together with Theorem A and Lemma I4.15| 
implies that 2|(5m^„| < It follows from Lemma [4.121 and 14.161 that 

l^m,J < \Z^,n\ = 2\Qm,n\ < \Rfa,n\. Thc Icmma followS. 

□ 
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4.6. Critical Parameterization. In this section, we will give a critical pa- 
rameterization of the space of all the Blaschke products in the following form, 

1 — pz 1 — qz 

where \p\ > 1, \q\ < 1. 

Lemma 4.17. For any compact set K <Z C — dA, there is a S > 0, such that 
in either of the following two cases, 

1. p £ K, \p\ > 1, and dist{q, dA) < S, or 

2. q e K, \q\ < 1, and dist{p, OA) < S, 

Bp q has at least two distinct critical points in dA. 

Proof Let Tp,^(a) = -ilogBp^g{e'°') for < a < 27r. Then 



(66) t;^(«) = i + 



Let us assume that we are in the first case and the second case can be 
proved in the same way. Suppose that the lemma were not true. By passing 
to a convergent subsequence, we may assume that there exist a sequence 
Pk ^ p £ K and a sequence qt e*" € dA such that Bp^^q^ has at most one 
critical point in the unit circle, since 

-. ■ — TT^da ~ zvr, 

|l-pe*"|2 

it follows that there exist /3i < a < /32 such that 

bp - 1 bp - 1 

(67) T- rj-pr > 1, and ■- -j-pr < 1. 

Note that as qk e*", ^ a where ak = arg(gfe). By a simple calcula- 
tion, it is easy to see that 

1-kP . 

|l-9-fee^*|2 

uniformly on any closed sub-interval of [0, 27r] which does not contain a, and 

It follows from and (p7|) that for all k large enough, we have 
TLoM") > < 0' and T;^,,,(/32) < 0. 

Since f3i < ak < P2 for all k large enough, the proof of the first case can thus 
be completed by using the Immediate Value Theorem. 

□ 

Lemma 4.18. For any compact set K C C — dA, there is a S > such that 
if Bp^q has a critical point in K, then d{p, dA)LS and d{q,dA) > 5. 
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Proof. This is because as p and q approach OA, by passing to a subsequence, 
Bp,q converges to a rigid rotation uniformly in any compact set K d C — 
OA. □ 

Definition 4.1. Let B he the set which consists of all the Blaschke products 
Bp q satisfying the following three properties: 

1. Bp q has a double critical point at 1, 

2. the other two critical points c and i are symmetric about the unit 
circle such that c G C — A, 

3. \p\ > 1 and \q\ < 1. 

Lemma 4.19. Let Bp^q e B. Then Bp,q\dA : 9A — > 9A is a homeomorphism 
which preserves the orientation. 

Proof. Since 

Tp.q{a)da = 2tt, 

it follows that the topological degree of B\dA : DA dA is 1. If B\dA is not 
a homeomorphism, then B\dA would have two distinct critical points. This 
is a contradiction with the definition of B. The fact that B\dA preserves the 
orientation also follows. The proof of the lemma is completed. □ 

Critical Parameterization of B. Let Bp q G B and let = p + q,v = 

pq. Assume that c ^ oo. Therefore, q ^ and hence v 0. By a direct 
calculation, we get 

^, _ vz^ - 2wz'^ + (3 + |wp - \v\^)z'^ - 2wz + v 
^'"^ (zJz^ — wz + 1)^ 

The numerator of B'^ ^(z) can be written into 

_, 4 2W r. ,3 IwP IwP, o 2w V. _, Ix 
viz^ - —z-^ + (= + -^-z^ -r^)z. - —z + =) = v(z - l)^(z - c)(z - -). 

V V V V V V c 

It follows that v/v = c/c and hence v/c is a real number. So we have either 
V = c\v\/\c\ or w = -c|v|/|c|. Set t = (2 + c + i)/2 and s = 1 + § + 2(c + i). 
By comparing the coefficients of the two polynomials in the above equation, it 
follows that f = i and hence |wp = It also follows that | + ^ - w = 

s. This gives us 

(68) ^ + \t\^v-v = s. 

V 

Note that cs = 2(1 + [cp) + c + c = 1 + [cp + |1 + > 0, so if v = c\v\/\c\, 
from ([68| we get 

(69) {\t\'-l)\v\'~\s\\v\ + 3 = 0, 
and if u = — c|u|/|c|, we get 

(70) (|i|2_i)|^|2 + |,||„| + 3^0. 
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Since jsp - 12(|i|2 - i) = |c + i - 2|2 > for all c 7^ 1, it follows that for 
— 1 > 0, ((70)) has no positive solutions and \v\ must satisfy ([69)) . Therefore, 

V — c\v\/\c\, and 

= 2(|^P-1) ' 

or 

(72) Id - l^' + '^+^-^l 

l"^'" 2(|i|2-l) • 

For |tp — 1 < 0, we have two cases. In the first cases, v = —c\v\/\c\ and 
\v\ satisfies (HO)). Since jsp - 12(|t|2 - 1) = |c + i - 2|2 > 0, there is only one 
positive solution of (|70p given by 

= 2(|^P-1) ' 

In the second case, v — c\v\/\c\, and \v\ satisfies (|69p . Since |sp — 12(|tp — 1) = 
|c + i — 2p > 0, there is only one positive solution of ()69p given by 

(74) ^ H = 

^ ^ ' ' 2(|i|2-l) 

Example 1. Let c = 2. T/ien t — j and s — 7. Since |tp — 1 > 0, it follows 
that V = c|t;|/|c|. By |yj[ ) and |yg[ j, we /laue \v\ = |, or — y|. T/ien we 
ftawe two cases: 

Case 1. w = |, and w = |. {p, g} = {1, |}. 

Case £ w = if, andw = §. {p, g} = {1.432575 - •• , 0.644348 ••• }. 

Example 2. Lei c = —2. T/ien t = — -j and s — —3. S'mce |ip — 1 < 0, we 
/lawe again two cases. In the first case, v — c|u|/|c| and in the second case, 

V = -c|i;|/|c|. By (73^ and (7^ , we get v = -4/5 or u = 4. 

Case 1. V — — I and w {p, q\ = {1, — |}. 

Case u = 4 and w = -1. {p,q} ^ {-0.5 + 1.936491i, -0.5 - 1.936491i}. 

Remark 4.4. For any c wit/i |c| > 1, /et (PcQc) be one of the solutions 
obtained above such that \pc\ > 1 and \qc\ < 1. Then Bp^ q^ has exactly a 
double critical point at 1 and two distinct critical points at c and 1 /c. 

Recall that t = (2 + c + i)/2. By a direct calculation, it follows that the 
curve 

(75) 7 = {c I |ip - 1 = 0, |c| > 1} = {re** \ r + r-^ +4cos(i) = 0, r > 1} 

separates C — A into two components. Let us denote them by U and V 
respectively (see Figure 18). Define 

$ : 6^ C- A 

by $(i?p,,) = c. 

Lemma 4.20. The map ^ is a homeomorphism between B and U . 
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Figure 18. The critical parameter space U 



In the four cases of the two examples above, we see that only Case 2 of 
Example 1 produces the desired Blaschke product Bp ^ which satisfies |p| > 1 
and \q\ < 1. In the following, we will use continuation method to show that 
along this branch, all the other critical parameters in U can produce a unique 
desired Blaschke product -Bp,g, and that along all the other three branches, 
the solution pairs {p, q} obtained do not satisfy the condition |p| > 1 and 
\q\ < 1, that is, either one of them lies in the unit circle, or both of them 
belong to the outside of the unit disk. 

Proof. It is clear that $ is continuous. First let us prove that for any Bp^g G B, 
^{Bp^q) G U . Assume that this is not true. Let <^{Bp q) = cq. There are two 
cases. 

In the first case, cq G 7 where 7 is the open curve segment defined in (|75p . 
That is to say, 

|tp-l = |(2 + co + ^)/2p-l = 0. 
Co 

It follows that \v\ must satisfy ((69|) . which is degenerated to a linear equation 
in this case. So \v\ can be computed as the limit of ((7T|l or ((72| by letting 
c — > Co from the inside of U . It is easy to see that in ([72l) . approaches to 
the infinity as c approach to co (the numerator has a positive lower bound 
but the denominator goes to zero). It thus follows that in this case, |t;| must 
be equal to the limit of ([7T|) as c approaches to cq from the inside of U . Take 
a curve segment rj d U which connects cq and the point 2 such that 



d{T],dA) > 0. 
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Figure 19. The continuation of the pair {pc, qc} along r] 

See Figure 19 for an illustration. 

For each c £ rj, denote the corresponding values s, t, v, w,p, q by 

Sc,tc,Vc,Wc,Pc, and q^, 

respectively. Since |icP — 1 > 0, Vc satisfies (IMj) . We thus have Vc = c\vc\/\c\. 
For c G 77, we solve \vc\ by (j7ip and get Wc by the relation 

Wc/Vc ^tc = (2 + C+ l/c)/2. 

Now we solve the pair Pc,qc which are the two solutions of the quadratic 
equation 

Clearly, pc and qc depend continuously on c. From Case 1 of Example 1, it 
follows that {p2,92} = {lj4/5}. We now claim that there is a (5 > 0, such 
that for each c £ rj, either d{pc, dA) > 6, or d{qc, dA) > S. In fact, if this 
were not true, then we would have a sequence {ck} C rj such that 

Pck ~* dA and qc^ dA. 

By passing to a convergent subsequence, it follows from ([55)1 that there is 
some real constant a such that 

uniformly in any compact subset of C ~ dA. In particular, 

d{ck,dA) 

as fc ^ oo. But this is a contradiction with ^(77, dA) > 0. The claim has been 
proved. 
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Figure 20. The continuation of the pair {pc, qc} along rj' 



Since |pcol > 1 and |gco| < 1, and {^2,92} ~ {li4/5}, it follows that there 
is a sequence {ck} C r] such that either is contained in some compact 
set in the outside of the unit disk and Qc^. lies in the inside of the unit disk 
and approaches 9A, or qc,. is contained in some compact set in the inside of 
the unit disk and lies in the outside of the unit disk and approaches 9 A. 
But by Lemma 14.171 both of the two possibilities imply that Bp^^^q^^ has two 
distinct critical points on OA for all k large enough. This is a contradiction 
with Remark [441 

In the second case, cg G V. Then we take a curve segment rj' (Z V which 
connects —2 and c. See Figure 20 for an illustration. There are two curves of 
{pc,qc} which are determined by the two choices of {p-2, q-2} in Example 2 
respectively. 

For the first choice, {p_2,g_2} = {15 4/5}. We can get a contradiction by 
using the same argument as in the proof of the first case. 

For the second choice, {p-2, q-2} = {-0.5 + 1.936491i, -0.5 - 1.936491i}. 
So \p-2\ = \q-2\ > 1- Since \pco\ > 1 and \qcg\ < 1, and since Pc and qc 
can not be both close to 9 A with \pc\ > 1 and \qc\ < 1 (otherwise we get a 
contradiction by Lemma [4.181 and Remark 14. 4p . there would be a sequence 
{ck} C 1]' such that either pc^. is contained in some compact set in the outside 
of the unit disk and qc^. lies in the inside of the unit disk and approaches 9 A, 
or gcfc is contained in some compact set in the inside of the unit disk and pc^. 
lies in the outside of the unit disk and approaches dA. Again by Lemma [4. 171 
both of the two possibilities imply that Bp^^ has two distinct critical points 
on dA for all k large enough. This is a contradiction with Remark 14.41 
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Figure 21. The continuation of the pair {pc, qc} along 



The above argument imphes that C U. Next we need to prove that 

for each cq € U, there is a Bp,q £ B such that = cq. In fact, since 

U is simply connected, we can take a curve segment, say rj" d U to connect 
the point 2 and cq. For each c G 77", we solve jwd by (|7^ and then get 

= c|dc|/|c|, and a continuous curve of {pclc}- From Case (2) of Example 
1, we have that \p2\ > 1 and \q2\ < 1. We claim that |pcol > 1 and l^col < 1- 
Suppose this were not true. Then the same argument as above will induce a 
contradiction again. This implies that ^{B) = U. Finally let us show that $ is 
injective. Assume that for some c € U, we have two different pairs {p, q} and 
{p\q'} such that IpI > l,\q\ < 1, \p'\ > l,\q'\ < 1 and $(Bp,g) = = c. 

Take a curve segment rj G U which connects c and the point 2. Then we have 
two curves of pairs {pc, qc}, c € rj. It follows that one of them is determined 
by (|7T|) . along which we get {p2, 92} = {1, 4/5}, which is Case (1) of Example 
1. Now the same argument above will induce a contradiction again. This 
proves that $ is injective. 

Finally let us show that <I>^^ is continuous also. In fact, for each c £ U, 
compute \vc\ by (|72p and get Vc by 

Vc = c|Wc|/|c|. 

Then we get Wc by the relation 

Wc/Vc = tc = {2 + c+l/c) /2. 
Now the pair pc, qc is determined by the solutions of the quadratic equation 

x'^ — Wc + Vc = 0. 
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By Case (2) of Example 1, and the same argument as before, it follows that 
one of the two solutions lies in the outside of the unit disk, and the other 
one lies in the inside of the unit disk. Let pc be the one such that \pc\ > 1 
and qc be the other one such that j^/d < 1- It is clear that Pc and depend 
continuously on c. 

Note that as c — > oo, by solving (|72p we get pc — > 3 and (/c — > 0. We can 
thus define ^{B^ q) — oo. This completes the proof of the lemma. □ 

By Proposition 11.7 of [14](and see also §9 of [30]), we have 

Lemma 4.21. For each Bp q e B, there is a unique t e [0, 27r) such that 
the rotation number of e^*Bp^q\dA is 9. Moreover, t depends continuously on 

Bp.q. 

Let us denote e^*Bp_q by Gp^q. 

4.7. The Cross Ratio Function X{k,l,m,n). For any four distinct points 
zi, Z2, Zi, their cross ratios have several definitions. Since the properties 
established in this sections are true for any of them, let us simply use the 
same notation C(zi, Z2, z^, Z4) to denote them. For 0<k<l<m<n, set 

AM,™,n(c) = C(g,^(l),5c(l),5r(l),5"(l)) 

and 

a(K, l,m,n) — C(e ,e ,e ,e ). 

Let ^ C C be the simple closed curve in Lemma 14.101 Let Hq and floo 
denote the bounded and unbounded components of C — i^, respectively. For 
R > large enough such that ^ C {z\\z\ < R}, let Ur — {\z\ > R} and 

— ^00 — Ur- 

Lemma 4.22. Let c e iloo- Then the forward orbit ofl under gc is not finite. 

Proof. Let us prove it by contradiction. Assume that g'^{l) — gi{^) for some 
integers < k < I. Let u — 1/c. It follows that u G ^0 and 

By Lemma [4.111 9u € Rg'^"™' and hence is modeled by some Blaschke product 
Gp^q = e^'^Bp^q where t S [0, 27r) and Bp q E B{see Lemma r4.2ip . Let 

Co = HBp^q). 

Let U be the parameter space in Lemma 14.201 Take a continuous curve 
7 : [0,1] ^ U such that 7(0) = cq and 7(1) = 00. For each s € [0,1], let 
Bs = $^^(7(5)) and Gg be the corresponding Blaschke product determined 
by Bs{see Lemma r4.2ip . We thus get a continuous family of Blaschke products 
Gs, < s < 1. Now for each < s < 1, we may perform a quasiconformal 
surgery on Gg as described in the proof of Lemma l477l and get a Siegel rational 
map 5c(s)- This surgery induces a surgery map 

(76) S : [0,1] ^ C- {0,1,-1}. 
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by S(s) = c(s). It is clear that 

S(0) = u and S(l) = oo. 

By using Zakeri's argument (see §12 of [30]), one can show that the map S is 
continuous in [0, 1]. That is, S(s), < s < 1 is a continuous curve connecting 
u and the infinity. Since u G ilo, by Lemma 14.101 the curve S(s),0 < s <1 
intersects ^ at some point. 

But on the other hand, since Gs has exactly one double critical point at 
1 and the other two critical points do not lie in the unit circle for every 
< s < 1, it follows that S(s) does not lies in the boundary of the Siegel 
disk. In particular, the curve S(s),0 < s < 1 does not intersect ^. This is a 
contradiction. The lemma follows. 

□ 

From Lemma |4.22[ it follows that \k,i,m,n is holomorphic and has no zeros 
in VLr. 

Lemma 4.23. \k,i,m.n{c) can he continuously extended to dfln. 



Proof. It suffices to prove that both limc^i Afc^;.,„^„(c) and limc^-i Afc^;. 
exist and are finite. In fact, From (|5ip in §4.1, it follows that 



ni,n 



limgc(l) = A, 

C—>1 

and for z ^ 1, 

lim gc{z) — Xz, 

where A = e^'^*^. This implies that for given 0<k<l<m<n, 
lim Xk,i,m,n{c) = a{k, I, m, n). 

c— »1 

This proves that A/c.i,m.n(c) can be continuously extended to the point 1. 

Now let us consider the case that c — 1. By solving gdz) = z, it follows 
that as c is close to —1, gc has three distinct fixed points 0, Pc, and oo where 

_ (l-A)2c(l + c) 
4c-A(l + c)2 

as c approaches —1. Let (f>c be the Mobius map such that (/)c(0) = 0, (f>c{^) = 1 
and (t)ciPc) = oo. Then (f)^ o g^ o (f>~^ = g^, where c' = (t>cic). By a direct 
calculation, we have 

0c(z) = (1 -Pc)z/{z~Pc). 

It follows that 

c' = 0c(c) = (1 - Pc)c/ (C - Pc). 

Since pc as c —1, it follows that c' — > 1. Since the cross ratio Xk,i,m,n{c) 
is preserved by Mobius transformations, it follows that 

Xk,l,m,n{c) = Xk^l^m,n{c'). 

We thus get that 

lim Xk,i.m,n{c) ^ lim Xk,i.m.n{c') ^ a{kj,m,n). 
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□ 

Lemma 4.24. Xk,i,m,n has a removable singularity at oo, and moreover, 
(c) ^ 0. 

Proof. It suffices to prove that linic^oo A/c.i,m.n(c) exists. From (|5ip in §4.1, 
it follows that for any compact set K of the complex plane, 

lim gdz) Xz - = gca{z) 

c — >oo 

miiformly on K. Therefore, for any integer fc > 0, g^{l) 5^(1) as c ^ oo. 
Since goo has a Siegel disk with quasi-circle boundary which passing through 
1, it follows that the cross ratio C {g^{l) , g'oQ{l) , g'!^{l) , g^{l)) is defined and 
is not equal to 0. All of these imply that 

c — >oo 

is a finite non-zero complex value. The lemma follows. □ 
Let us summarize the above lemmas as the following. 

Proposition 4.1. For any integers 0<k<l<m<n, Xk,i,m,nic) is a 
non-zero and holomorphic function in iloo- Moreover, it can be continuously 
extended to dfloo- 

Remark 4.5. Note that the distortion of a cross ratio by a K — quasiconformal 
homeomorphism of the sphere is bounded by some constant dependent only on 
K . This is an important fact which will be used in the proof of Theorem C. 

4.8. Proof of Theorem C. Recall that r^oo is the unbounded component of 
C — ^. For each c £ Hoc, let -fc be the closure of {^c (1)7 ^ = 0, 1, • • • }. 

Lemma 4.25. For each c e fioo, 7c is a Jordan curve. 

Proof. When c — 00, gc is a, quadratic polynomial with a bounded type Siegel 
disk, and the lemma follows from the well-known theorem of Douady, Ghys, 
Herman, and Shishikura |19j . Let us assume that c ^ 00. 

First let us show that 7c is contained in some compact set of C. In fact, 
if this were not true, there would be a subsequence, say ki, k2, ■ ■ ■ , such that 
(7c' (1) 00 and e^'^*'^*^ t for some t € i9A as i ^ 00. Since gc fixes the 
infinity, it follows that gc'^^(l) ~^ 0° also. Take integers m,n > such that 
g27rjme g27rme^ g27rie^ are all distinct with each other. On the one hand, we 
have 

(^j. (gr(i)-gc"(i))(g^(i)-g^+Hi)) 

(.gr(l)-5c'(l))(g?(l)-gc-+'(l)) 
as i ^ 00. On the other hand. By Proposition 14.11 the cross ratio function 
on the left hand of (|77p is holomorphic in c and has no zeros in Qoo, and 
moreover, it can be continuously extended to dfloc = It follows that its 
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minimum of its modulus is obtained on dQoo = Since e 
^27^^me^^2^^ne^-|-^ ^2^19 ^ ^^X distiuct, the cross ratio 



2-Kikie 



t and 



(e 



27rim6 



2-!Tin9^^^2TTiki0 



g27ri(fei + l)e-| 



(e 



27rim6 



o27ri 



is uniformly bounded away from zero for all i large enough. By Lemma [ 
and Remark l4.5i it follows that the modulus of the cross ratio function on the 
left hand of ([Tf]) has a positive lower bound when restricted on ^. This is a 
contradiction. 

Now for c e f2oo, define a map : {e^'^^'^'^/c = 0, 1,---} -> C by 



Tcie 



2TTike\ 



First let us show that Tc is uniformly continuous. To 



see this, note that 6 is irrational, and therefore there is an M > dependent 
only on 9 such that for any < 6 < 1/100, and any k, I with 



there exist integers < m,n < M such that 



\^27Tim6 ^27Tin6 \ 



< 1/4, |e 



27ri7n9 



2Trike I 



> 1/4, and 



27TiW 



I > 1/4. 



The existence of such M is obvious since for M large, the orbit segment 



-,2iTtme 



< i < M} will be dense enough in 9A so that one can find two 



elements e^'^™^ and e^^^' 
inequalities. 



in this orbit segment which satisfy the above three 



For such m and n, we have 



(78) 



(e 



^27Tin9 \f^27r ik9 



^2TTiW\ 



< 45. 



By Remark 14.51 and Lemma 14. 3[ it follows that there is a positive function 
k{6) satisfying k{6) — > as (5 — > 0, such that for all i G ^, 

(gr(l)-ffr(l))(5.'=(l)-5kl)) 



(79) 



< k{d). 



(gr(l)-fft'=(l))(5Kl)-3r(l) 
From (|79p . Proposition 4.1, and the maximal modulus principle, we have 

(5^(1) -5c"(l))(.9^-(l)- 5^(1)) 



(80) 



< k{S) 



(5r(l)-5c'(l))(5^(l)-5?(l) 
for all c G floo- 

Since < m < n are bounded by M which depends only on 9, for any 
given c, 

i5r(i)-5c"(i)i 

has a positive lower bound. Since we have proved that the absolute value of 
the denominator of the above fraction has an upper bound in the beginning 
of the proof, it follows that 

|5,^1)- 5^(1)1 <Cfc(<5) 

for some uniform C > 0. This implies the uniform continuity of Tc. Now we 
can continuously extend Tc to the unit circle. 
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We now need only to prove that Tc is injective. We prove this by contradic- 
tion. Assume that there exist x,y € dA such that Tc{x) — Tc{y) and x ^ y. 
Take subsequences fc^, li such that e^'^*'^'*^ x and e^'^'''^ ^ y as i ^ oo. 
Take integers m, n such that Tc(e2'^""^), Tc(e2'^*"^) and Tc{x) are aU distinct. 
It follows that g2irime g2irime ^ ^ g^j^^^ y g^jj distinct. Then there is a uniform 
(5 > such that 

for all I large enough. By Lemma [1751 and Remark 1 4. 5 [ it follows that there is 
a constant C{S) > which depends only on S such that 



>C{6) 



(.9r(i)-5f*(i))(.9r(i)-.9J-(i) 

for all t G ^. This, together with Proposition 14.11 and the minimal modulus 
principle, implies 

(.gr(l)-5c"(l))(5^(l)-5^'(l)) 



> C{5). 



(gr(l)-<7c'(l))(5c"(l)-5i-(l) 

Since rc(e2^^™^), Tc(e2'^™^) and T^Ca;) are distinct with each other and T{x) = 
T{y), the absolute value of the denominator of the above fraction has a pos- 
itive lower bound. But the numerator goes to zero as z ^ oo. This is a 
contradiction. The lemma follows. 

□ 

Using the above argument in the proof of the uniform continuity of Tc, the 
reader shall easily supply a proof of the following lemma. 

Lemma 4.26. Define T : f^oo x 9A ^ C 6?/ T{c,x) = Tc{x). Then T is 
continuous. 

The following lemma characterizes a quasi-circle in the complex plane by 
the lower bound of the cross ratios of every four ordered points on it( Lemma 
9.8 ESI), 

Lemma 4.27. For each S > 0, there is a K(6) > 1 such that for any simple 
closed curve 7 C C, if for every four ordered points zi, 22,^3, ^4 G 7, the 
following inequality hold, 

(81) |(fiii4(fi:iii)|>5, 

(Z2 ~ Z-i){zx - 2:4) 

then ^ is a K {6) — quasi-circle. Similarly, for each K > 1, there is a 5{K) > 
such that for any quasi-circle 7 C C, the following inequality hold for 
every four ordered points zi, Z2, Z3, Z4 on 7, 

(82) &'-'f'-''\ \>SiK). 

\Z2 - Z3)(Zl - Z4) ' 
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Now let US prove Theorem C. By Lemma [4.251 7c is a simple closed curve. 
By Lemma l4?3l there exists a uniform 1 < if < oo such that the boundary of 
the Siegel disk of gc for every c G ^ is a if — quasi-circle. By Lemma [4.271 the 
inequality (j82p holds for every c S ^ and any four ordered points zi, Z2, z^, z^ 
on 7c. By Proposition 14.11 and minimal modulus principle, it also holds for 
every c € ^oo- By Lemma 14.271 again, it follows that there is a uniform 
1 < K' < oo such that is a if'— quasi-circle for every c £ ^loo- 

Now we need only to show that is the boundary of the Siegel disk of gc 
which is centered at the origin. By Lemma 14.261 jc moves continuously as c 
varies in fioo- Let Dc be the bounded component of C — 7c. We will show that 
Dc is the Siegel disk of gc- First let us show that gc is holomorphic on Dc- 
When c = oo, this is obviously true. As c varies from the infinity to any value 
in floo, the finite pole of gc, say Pc, varies continuously. But gdlc) — 7c and 
oo ^ 7c, it follows that 7c does not meet the pole Pc- It follows that pc ^ Dc 
for otherwise there is some c such that 7c meets pc, which is a contradiction. 
This implies that gc is holomorphic on Dc- Since 

gddDc) = gdlc) = dDc, 

it follows that 

gdDc) = Dc. 

This implies that Dc is a periodic Fatou component of gc- Since ^ 7c for 
every c € r^oo, and G Doo^ by the same argument as above, it follows that 

G Dc for every c G VLoo- Because g^(0) = e^''''^ and 5c(0) = 0, it follows that 
Dc is the Siegel disk of gc which is centered at the origin, and in particular, 
dDc passes through the critical point 1 of gc- This completes the proof of 
Theorem C. 

Let ^ be the simple closed curve in Lemma 14.101 Recall that fio is the 
bounded component of C — ^ and fioo the unbounded one. For c € C — 
{0,1,-1}, let Dc be the Siegel disk of gc which is centered at the origin. 
Based on the proof of Theorem C, the reader shall easily draw the following 
conclusion. 

Proposition 4.2. Let c G C — {0, 1,-1}. We have (1) if c £ ^, dDc passes 
through both of the critical points 1 and c, (2) if c £ Oqo, dDc passes through 

1 only, (3) if c £ fJo, dDc passes through c only. 

Corollary 4.1. Let f be a degree-3 rational map with a bounded type Herman 
ring. Then each boundary component of the Herman ring is a quasi-circle 
which passes through at least one but at most two of the critical points of f. 

Proof. This is because for any boundary component 7 of the Herman ring, by 
using a quasi-conformal surgery, one can get a quadratic rational map with 
a Siegel disk which has the same rotation number as the Herman ring and 
which has 7 as its boundary. We leave the details to the reader. □ 
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5. Appendix 

5.1. Thurston's characterization theory on postcritically finite ratio- 
nal maps. Since the Thurston's characterization theorem used in this paper 
is shghtly different from the one presented in j9], we wiU give a brief intro- 
duction of this theory, which has been adapted to our situation: we use a 
larger invariant set X ^ Pf, instead of the postcritical set Pf. The proof is 
completely the same as the one presented in |9^. 

Let / : S*^ ^ S'^ be a postcritically finite branched covering map. Let 
X C he a, finite set such that f{X) ^ X and Pf ^ X. A simple closed 
curve in — X is said to be non-peripheral if 7 is not homotopic to a point in 

- X. A multi -curve of / in S"^ — A" is a family of disjoint, non-homotopic 
and non-peripheral curves. We say a multi-curve F is /—stable if for any 
7 G F, any non-peripheral component of /~^(7) is homotopic in — X to 
one of the elements in F. 

Two branched covering maps / and g are said to be comhinatorially equivalent 
with respect to the set X if there are two homeomorphisms of the sphere </>, ip 
which are isotopic to each other rel X such that f — o g o ip. 

Let F = {71, • • • , 7„} be a /—stable multi-curve. For each 7^, let 'ji^^a, ct G 
A be the non-peripheral components of f~^{'Jj which is homotopic to 7^. 
Define 

1 

The matrix A = (aij )„xn is called the Thurston linear transformation matrix 
of /. F is called a Thurston obstruction if the maximal eigenvalue of A is 
greater than 1. 

Associated to each postcritically finite rational map /, one can construct 
an orbifold Of— (S*^, i^f) by defining Vf : ^ Z+ U {00} to be the minimal 
function satisfying the following two conditions, 

1. Vfix) = 1 for a; ^ P/, 

2. i'f{x) is a multiple of Vf{y) deg^ / for each y e f~^{x). 
An orbifold is called hyperbolic if 

X/ = 2- (l-^)<0. 

^-^ Vf(x) 

Uf(x)>2 ^ ' 

Thurston's Characterization Theorem. Let f he a postcritically finite 
branched covering map 0/ the sphere. Let X be a finite set such that /(A) ^ 
X, and Pf ^ X. Assume that the orbifold O f is hyperbolic. Then f is 
combinatorially equivalent to a rational map with respect to X if and only f 
has no Thurston obstructions in — X . 

5.2. Short simple closed geodesies. In this appendix, we present a few 
results on the simple closed geodesies in a hyperbolic Riemann surface, and 
for detailed proofs of these results, we refer the reader to §6 and §7 of [DH]. 
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Theorem A.l (Corollary 6.6, [9J). Let X be a hyperbolic Riemann surface 
and 7i,72 be two simple closed geodesies with length < log(V2 + !)• Then 
either 71 = 72 or 71 n 72 = 0. 

Theorem A. 2 (Corollary 6.7, [9]). Let X be a hyperbolic Riemann surface. 
Let J be a geodesic in X which intersects itself transversally at least once. 
Then Ixil) > 21og(V2 + 1). 

Theorem A. 3 (Theorem 7.1, [9J). Let X be a hyperbolic Riemann surface, 
P d X a finite set, with |P| = p > 0. Choose L < log(V2 + 1). Let 
X' ~ X — P. Let "f be a simple closed geodesic in X and {7^, • • • , 7^} be the 
simple closed geodesic in X' which is homotopic to ^ in X with length < L. 
Then 

l_2_p+l ^ 1 1 2(p+l) 

I TT L ^ I' I TT ■ 

l<i<s * 

Theorem A. 4 (Proposition 7.2, [9J). Let P C be a finite set, and 7 be 
a non-peripheral curve in S'^ — P. Let (f>,ip : S'^ be quasiconformal 

homeomorphisms. Lf distx{s^.p){4i,4') < K, then 

e-'^||7lU,P< ll7lU,p<e'^||7lU,p• 
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